Hinh hoc 9 - Chuwong 9: Puong tron ngogi tiép va dwong tron nji ticp — Tw ludn c6 1oi gidgi KNTTVCS
CHUONG 9
PUONG TRON NGOAI TIEP VA PUONG TRON NOI TIEP

BAI 1
GOC NOI TIEP

Pinh nghia
Goc ¢ dinh nam trén dudng tron va hai canh chira hai day cung ctia dudng tron goi 1a goc ndi tiép.
Cung nam bén trong goc ndi tiép duoc goi 1a cung bi chin.
Pinh li: Trong mot dudng tron, sb do cta goc nodi tiép bang nira sé do ctia cung bi chin.
Nhén xét:
e Cic goc ndi tiép bang nhau chin cic cung bang nhau.
e Cic goc ndi tiép cling chan mot cung hodc cac cung bang nhau thi bang nhau.
e Cac goc ndi tiép chin cung nho thi c6 sé do bang nira s6 do cta goc & tim chin cling mot cung.

e Go6c noi tiep chan nira dudng tron 1a goc vuong.

C M

Trang 1



Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
DANG 1

TiNH SO PO GOC, CUNG

Trong mdt dudng tron:
e Cac goc ndi tiép bang nhau chin cac cung bang nhau.
e Cac goc ndi tiép ciing chan mot cung hodc cac cung bang nhau thi bang nhau.
e Cac goc ndi tiép chin cung nho thi c6 sd do bang nira s6 do cta goe ¢ tim chin cling mdt cung.

e Goc ndi ti€p chan ntra dudng tron 1a goc vuong.

Bai 1. Duva vao hinh v€ sau:

B
[
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a) Tinh s6 do cung nho CD.
b) Tinh s6 do cung nhé BD.

Bai 2. Cho tir gidc ABCD ndi tiép duong tron (O), biét BAC =30°, BCA =40 (nhu hinh v& bén).

Tinh sb do céc goc Zli?, A/IY?,A/(-)??

Trang 2



Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi

BAI TAP REN LUYEN

—

Bai 3. Dua vao hinh vé& sau, biét cung nho XY cta duong tron tim B 1a 70°. Tinh MON
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
DANG 2

CHUNG MINH CAC GOC BANG NHAU, CAC CUNG BANG NHAU

Trong mdt dudng tron:
e Cac goc ndi tiép bang nhau chin cac cung bang nhau.
e Cac goc ndi tiép ciing chan mot cung hodc cac cung bang nhau thi bang nhau.
e Cac goc ndi tiép chin cung nho thi c6 sd do bang nira s6 do cta goe ¢ tim chin cling mdt cung.

e Goc ndi ti€p chan ntra dudng tron 1a goc vuong.

Bail. Cho AABC cantai A (4 <90°). V& duong tron duong kinh AB cit BC tai D, cit AC tai E.
a) Chung minh BD =DE .

b) Chimg minh CBE = %Eﬁl\C .

Bai2. Cho tam gidac ABC c6 ba goc nhon, duong cao AH va ndi tiép dudng tron tim O, dudng kinh
AM

a) Tinh ACM .

b) Chimg minh BAH = OCA.

c) Goi N la giao diém cta AH véi (0) . Ta giac BCMN 1a hinh gi? Vi sao?

Bai 3. Cho tam giac nhon ABC ndi tiép dudng tron (O) Tu dinh A ta ké duong cao AH (H thudc

BC'). Chiing minh rang BAH = OAC' .
Bai4. Cho tam giac ABC ndi tiép dudng tron (O;R), AH 1a duong cao (H € BC’). Chirng minh

rang: AB.AC =2R.AH .

BAI TAP REN LUYEN
Bai 5. Cho nira dudng tron (O) duong kinh 4B va diy AC cing cung AC ¢6 sb do bang 60°.
a) So sanh cac goéc cua AABC.
b) Goi M va N lan luot 12 diém chinh giita ctia cac cung AC va BC, hai ddy AN va BM cit nhau tai
[ . Chitng minh ring CT 14 tia phan gi4c ctia ACB.

Bai 6. Trén canh huyén BC cua tam gidc vuong ABC vé phia ngoai ta dung hinh vudng véi tam tai

diém O. Chimg minh ring A O 1a tia phan giac cua goc BAC .
Bai 7. Cho tam gidac ABC ndi tiép dudng tron (O;R). V€& AD la duong cao cua tam giac ABC'.

o —_

Chung minh ring BAD = OAC .

Trang 4




Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
Bai 8. Cho tam gidc ABC ndi tiép trong duong tron (O). Pudng phan giac trong goc A cat dudng

tron ngoai tiép tam giac tai D. Goi I la tAm vong tron ndi tiép tam gidac ABC. Ching minh

DB =DC = DI

Bai 9. Cho tam gidc ABC (21 _ 9o°)va AB < AC . V& dudng tron tim A ban kinh AB cit BC tai

D,cit AC tai E.Chimg minh raing DB.CB = EB*.

Bai 10. Cho tam giac ABC co ;1 nhon ndi tiép trong duong tron (O;R). Ching minh rang:

L —

BC =2Rsin BAC'.

Bai 11. Cho nira duong tron (O) duong kinh AB. Lay M 1a diém tily ¥ trén nira duong tron (M khac A va
B). Ké MH vudng goc voi AB (H € AB). Trén cung mot nira mit phang bo AB chura nira dudng tron (O)
v€ hai ntra duong tron tdm O,, duong kinh AH va tam O,, duong kinh BH. Doan MA va MB cit hai nira
duong tron (0,) va (0,) lan luot tai P va Q. Chiing minh rang:

a) MH = PQ.

b) AMPQ ~ AMBA .

¢) PQ 1a tiép tuyén chung ctia hai dudng tron (0))va(0,).

Trang 5



Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

DANG 3

CHUNG MINH HAI PUONG THANG SONG SONG, VUONG GOC, BA PIEM THANG HANG

Bai 1. Cho dudng tron (O) dudng kinh AB, diém D thudc (O). Goi E 13 diém d6i xtg v6i A qua D

a) AABE la tam giac gi?

b) Goi K 14 giao diém ctia EB v6i (O), Chtrng minh rang: OD 1 AK .

Bai 2. Cho nira dudng tron (O) dudng kinh AB = 2R va diém C nam ngoai ntra duong tron. CA cit nira
duong tron tai M, CB cit nira duong tron tai N. Goi H 1a giao diém ctia AN va BM.

a) Chung minh rang CH L 4B .

b) Goi I 1a trung diém cta CH. Ching minh rang MI 1a tiép tuyén ctia nira duong tron (O) .

BAI TAP REN LUYEN
Bai 3. Cho dudng tron (O), duong kinh AB, diém D thudc duong tron. Goi E la diém dbi xing voi A
qua D.
a) Tam giac ABE la tam giac gi?
b) Goi K 1a giao diém cua EB véi (O). Chimg minh OD L AK.
Bai 4. Cho tam giac ABC ndi tiép dudng tron (O), hai duong cao BD va CE cét nhau tai H. V& dudng
kinh AF.
a) T giac BFCH 1a hinh gi?
b) Goi M 14 trung diém ctia BC. Chirng minh rang ba diém H, M, F thang hang.

c¢) Ching minh OM = %AH .

Bai 5. Cho nira dudng tron (O) dudng kinh AB va diém C di dong trén nira dudng tron d6. V& dudng
tron (I) tiép xtic voi duong tron (O) tai C va tiép xic véi duuong kinh AB tai D, dudng tron nay cit CA,
CB lan luot tai cac diém tht hai 14 M va N. Chimg minh ring;

a) M, N, I thang hang.

b) ID L MN .

Bai 6. Cho AABC nhon ndi tiép dudng tron (O). Puong cao BM, CN cit nhau tai H va cit duong tron
lan luot tai E va F.

a) Chimg minh rang A 1a diém chinh giira cung FE.

b) Ching minh rang EF // MN.

¢) Chimg minh ring O4 1L MN .

d) Chimg minh rang AH khong d6i khi A di dong trén cung 16n BC.

e) Chig minh rang F d6i xtimg v6i H qua AB.

Trang 6



Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

Bai 7. *Cho tam gidc déu ABC ndi tiép dudng tron (O) Trén cung BC khong chira A ta lay diém P
batky (P khac B va P khac C'). Cac doan PA va BC cét nhautai Q.

a) Gia st D 1a mot diém trén doan PA sao cho PD = PB. Chang minh ring APDB déu.

b) Chirg minh raing PA = PB + PC'.

1 1

¢) Chung minh h¢ thac = + .
rPQ PB PC

Trang 7



Hinh hoc 9 - Chuwong 9: Puong tron ngogi tiép va dwong tron ndi ticp — Tw ludn cé 1oi gidgi KNTTVCS
CHUONG 9
PUONG TRON NGOAI TIEP VA PUONG TRON NOI TIEP

BAI 1
GOC NOI TIEP

Pinh nghia
Goc ¢ dinh nam trén dudng tron va hai canh chira hai day cung ctia dudng tron goi 1a goc ndi tiép.
Cung nam bén trong goc ndi tiép duoc goi 1a cung bi chin.
Pinh li: Trong mot dudng tron, sb do cta goc nodi tiép bang nira sé do ctia cung bi chin.
Nhén xét:
e Cic goc ndi tiép bang nhau chin cic cung bang nhau.
e Cic goc ndi tiép cling chan mot cung hodc cac cung bang nhau thi bang nhau.
e Cac goc ndi tiép chin cung nho thi c6 sé do bang nira s6 do cta goc & tim chin cling mot cung.

e Go6c noi tiep chan nira dudng tron 1a goc vuong.

C M

Trang 1



Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
DANG 1

TiNH SO PO GOC, CUNG

Trong mdt dudng tron:
e Cac goc ndi tiép bang nhau chin cac cung bang nhau.
e Cac goc ndi tiép ciing chan mot cung hodc cac cung bang nhau thi bang nhau.
e Cac goc ndi tiép chin cung nho thi c6 sd do bang nira s6 do cta goe ¢ tim chin cling mdt cung.

e Goc ndi ti€p chan ntra dudng tron 1a goc vuong.

Bai 1. Duva vao hinh v€ sau:

B
C 4
|: 0
150° .30
D = _ — — |
a) Tinh s6 do cung nho CD.
b) Tinh s do cung nho BD.
Loi giai
a)

Ta cé: COD =180" — AOC (hai gbc b nhau)

COD =180° — 40C =180° —150° = 30"

s6 do cung nho CD la: sdCD = COD = 30" (gbc & tam)

b) s6 do cung nhé BC 1a s@BC = 2CAB = 2.30° = 60° (gbc ndi tiép)
s do cung nho BD 1a: sd@ BD = sd BC +sdCD = 60° +30° = 90"

Bai2. Cho tir gidc ABCD néi tiép dudng tron (O), biét BAC =30°, BCA =40 (nhu hinh vé& bén).

Trang 2



Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

Tinh sb do céc goc ZB\C, A/ZY?,A/(Y?

Loi giai

Xét tam giac ABC co : BAC + BCA+ ABC =180" (téng 3 gbc trong tam giac)
Hay 30° +40° + ABC =180° = ABC =110

L —

ADC = %(sd@ +sd/T[;) - %(2[59 + @) — ACB + CAB = 40° +30" = 70° (goc ndi tiép )

Hay 110° + ADC =180° = ADC =70
Tacé: AOC =24DC (g6c ndi tiép va goc & tAm cung chan cung AC)
= A0C =2.70° =140".
Vay ABC=110°, ADC =70°, 40C = 140"
Chii ¥ : C6 thé dung tinh chit Ta gidc ABCD ndi tiép dudng tron (O) nén dé tinh ADC
Ta giac ABCD ndi tiép dudng tron (O) nén ABC + ADC =180" (téng 2 goc ddi dién cua tir gidc noi tiép)
Hay 110° + ADC =180° = ADC = 70"
BAI TAP REN LUYEN

Bai 3. Dua vao hinh v& sau, biét cung nho XY ciia dudng tron tim B 1a 70°. Tinh m

M,

Bai 4. Dua vao hinh vé sau, hdy tinh BAC .

Trang 3



Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
A
D
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Bai 5.

M N

Trang 4




Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
DANG 2

CHUNG MINH CAC GOC BANG NHAU, CAC CUNG BANG NHAU

Trong mdt dudng tron:
e Cac goc ndi tiép bang nhau chin cac cung bang nhau.
e Cac goc ndi tiép ciing chan mot cung hodc cac cung bang nhau thi bang nhau.
e Cac goc ndi tiép chin cung nho thi c6 sd do bang nira s6 do cta goe ¢ tim chin cling mdt cung.

e Goc ndi ti€p chan ntra dudng tron 1a goc vuong.

Bail. Cho AABC cantai A (4 <90°). V& duong tron dudng kinh AB cit BC tai D, cit AC tai E.
a) Chirng minh BD=DE .
b) Chimg minh CBE = %Eﬁl\C .

Loi giai

B D C

a) ADB=90" = AD 1 BC = 4D la phén giac cua A
. i-1-BD-DE

~ 1 —

b) Taco B, = 4, =EDE:>§1 =%B/A??.

Bai 2. Cho tam gidic ABC c6 ba goc nhon, dudng cao AH va ndi tiép duong tron tim O, dudng kinh
AM

a) Tinh ACM .

b) Chitng minh BAH = OCA.

¢) Goi N la giao diém cua AH voi (0) . Tt gidc BCMN 1a hinh gi? Vi sao?

Loi giai

Trang 5




Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

A

(0)
-
B H : 7 C
N M
a) Ta c6 ACM =90° (gbc ndi tiép)
b) Tac6 AABH «» AAMC(gg)
— BAH = OAC;0CA = OAC = BAH = OCA
¢) ANM =90° = MNBC 14 hinh thang
— BC//MN = sd BN =sdCM
— CBN = BCM = BCMN hinh thang can.

Bai 3. Cho tam giac nhon ABC ndi tiép duong tron (O) Tu dinh A ta ké duong cao AH (H thudc

BC'). Ching minh rang BAH = OAC .

Loi giai

NV~

D———

K¢ duong kinh AF cua duong tron (O)

—

Ta thdy ACE = 90" (goc ndi tiép chin nira duong tron). Tir d6 OAC + AEC = 90" (1).

Theo gia thiét bai ra, ta c6: BAH + ABC = 90° (2).

Mit khic AEC — ABC (cing chin AC) (3).

Tu (1),(2) va (3) suyra BAH = OAC (dpcm).

Trang 6



Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

Bai4. Cho tam giac ABC ndi tiép dudng tron (O;R), AH la duong cao (H € BC). Chtrng minh

rang: ABAC =2R.AH .

Loi giai

o —

V& duong kinh AD cua duong tron (O) ,suyra ACD = 90" (goc ndi tiép chan nira duong tron).

Xét AHBA va ACDA c¢é:

A/IE = ACD(: 900);@ = C/'D?l (gdc ndi tiép cling chan AC),

Dodé AHBA ~ ACDA = 2L _AB . 4pac— ap.an .
AC AD
Ma AD = 2R.
Do d6 AB.AC =2R.AH .
BAI TAP REN LUYEN

Bai 5. Cho nira duong tron (O) duong kinh 4B va day AC cing cung AC ¢6 sb do bang 60°.

a) So sanh cac géc cia AABC.

b) Goi M va N lan luot 1a diém chinh giita ctia cic cung AC va BC, hai ddy AN va BM cit nhau tai

I . Chimg minh rang CI 1a tia phan giac cua ACB.

Loi giai

a) Taco: AC=60"= BC=120"= B< A<C

b) AN la phan giac cua goc 4, BM 1a phan giac cua goc B nén CI 1a phan giac cua goc C (dpcm)

Trang 7



Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

Bai 6. Trén canh huyén BC cua tam gidc vudng ABC vé phia ngoai ta dung hinh vudng véi tim tai

diém O. Chiig minh rang A O 1a tia phan giac cua goc BAC'.
Loi giai

A

—

Vi O 1a tdm ctia hinh vuéng nén BOC = 90°.

Lai c6 BAC = 90" suy rabén diém A, B,O,C cing nim trén duong tron duong kinh BC.

—_— T~

Pbi véi dudong tron nay ta thiy BAO = BCO (cung chin BO).

Ma BCO = 45° = BAO = 45°.
Dogél\C:%O,nénC/'A\O:Eél\C—ﬂO:%O.

—

Vay BAO = CAO ,nghiala AO latia phan giac cua goc vuong BA C' (dpcm).

—

Bai 7. Cho tam gidic ABC ndi tiép dudng tron (O;R). V€& AD la duong cao cua tam giac ABC'.

Chimg minh rang BAD = OAC .

Loi giai

Dung duong kinh AE cua duong tron (O; R) .

Tacoé AEC = ABD (cing chin cung AC')

suy ra ADBA ~ ACFEA, tir 46 suy ra BAD — OAC.

Trang 8



Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

Bai 8. Cho tam giac ABC noi tiép trong dudng tron (O). Buong phan giac trong goc A cit duong
tron ngoai tiép tam giac tai D. Goi I 13 tdm vong tron ndi tiép tam gidc ABC. Chang minh
DB =DC = DI

Loi giai

A

b Wc
D

Taluon co DB = DC do AD laphan giac trong goc A . Ta s€ chung minh tam giac DIB cantai D.

That vay ta c6: IBD = IBC + CBD .

Mit khac CBD = CAD (Géc ndi tiép chan cung CD )

ma BAD = CAD , IBC = IBA (Tinh chat phan giac)

suyra IBD = ABI + BAI .

—

Nhung BID — ABI + BAI (Tinh chit goc ngodi).
Nhu vay tam giac BDI cantai D = DB = DI = DC

Bai 9. Cho tam giac ABC (;1 = QOO)Vé AB < AC . V& duong tron tim A ban kinh AB cat BC tai

D,cit AC tai E.Chtng minh ring DB.CB = EB*.

Loi giai

Trang 9



Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

Gia sit CA cét (0) tai F thi EF la dudng kinh cua (A;AB),

—_

taco BF = BE (vi BA | EF) = BED — BFD,

BCF = BCE = %sd[BF —DE] _ %sd[BE —DE] - %sdBD _ BFD

— -

Tu dé suyra BED = ECB.
Xét tam giac ABCE,ABED cé6

13 chung,
BED = ECB

= ABCFE ~ ABED < BC = BE = DB.CB = EB’
BE  BD

Bai 10. Cho tam giac ABC c¢o6 ;1 nhon ndi tiép trong dudng tron (O;R). Ching minh rang:

BC = 2Rsin BAC .

—

V& dudmg kinh BD ctia dudng tron (O;R) = BCD = 90° (gbc ndi tiép chan nira dudmg tron).

ABCD c6 C = 90° nén BC = BDsin BDC..

—_— /~ —

Talai co0 BD = 2R; BDC = BAC' (gobc ndi tiép cung chin BC ) nén BC = 2Rsin BAC'.

Bai 11. Cho nira duong tron (O) duong kinh AB. Lay M 1a diém tiy ¥ trén nira duong tron (M khac A va
B). Ké MH vudng goc voi AB (H € AB). Trén cung mot nira mit phang bo AB chua nira dudng tron (O)
v€ hai nira duong tron tam O, , duong kinh AH va tam O,, duong kinh BH. Poan MA va MB cit hai nira
duong tron (0,) va (0,) lan luot tai P va Q. Chiing minh rang:

a) MH = PQ.

b) AMPQ ~ AMBA .

¢) PQ 1a tiép tuyén chung cuia hai dudng tron (0)va(0,).

Loi gidi

Trang 10



Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

D

a) Ta c6: OMPHQ 1a hinh chitr nhat = MH = PQ

b) Xét cac tam giac vudng AHM va BHM ta c6: MP.MA = MQO.MB = AMPQ ~ AMBA (cgc)

¢) PMH = MBH = POH = 0,0B = PQ 14 tiép tuyén cita O,

Ching minh tuong ty ta c6 PQ 1 tiép tuyén cua 0,.

Trang 11



Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

DANG 3

CHUNG MINH HAI PUONG THANG SONG SONG, VUONG GOC, BA PIEM THANG HANG

Bai 1. Cho dudng tron (O) dudng kinh AB, diém D thudc (O). Goi E 13 diém d6i xtg v6i A qua D
a) AABE la tam giac gi?
b) Goi K 14 giao diém ctia EB v6i (O), Chtrng minh rang: OD 1 AK .

Loi giai

E

a) ADB = 90" (g6c ndi tiép chin nira duong tron)

{BD 1 AE

= = AABE cantai B
AD = DE

= 0D 1 AK

OD//EB
AK | EB

Bai2. Cho nira dudng tron (O) duong kinh AB = 2R va diém C nam ngoai nira duong tron. CA cit nira
duong tron tai M, CB cit nira duong tron tai N. Goi H 1a giao diém cua AN va BM.

a) Chig minh rang CH 1 AB.

b) Goi I 1a trung diém cta CH. Ching minh rang MI 1a tiép tuyén ctia nira dudng tron (O) .

Loi giai

Trang 12



Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

C

a) Ta co H la truc tdm cua tam gidc = CH L 4B
b) Can chimg minh MI 1 MO

Taco: C,M,H,N € I;%)

~ o~ 1 —

C = Nl(ZESdMH)

eI I Mj:f\//‘f\s L TR 0 AT 0
N, =B(==sdAM);—> _ — M, +IMB=90"— OMI =90
2 M, +IMB =90°

B, = B,(Acan)

BAI TAP REN LUYEN
Bai 3. Cho duodng tron (O), duong kinh AB, diém D thudc dudng tron. Goi E 1a diém d6i xting voi A
qua D.
a) Tam giadc ABE la tam giac gi?
b) Goi K 14 giao diém ctia EB vé6i (O). Chirng minh OD L AK.
Loi giai

E

Trang 13



Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

a) Xét AABE c6 BD dong thoi 1a duong cao, duong trung tuyén nén AABE can tai B.

b) Xét AABE ¢6 OD la dudng trung tuyén = OD//BE

ma: AK L BE (AKB=90") = AK 1 OD

Bai4. Cho tam giac ABC ndi tiép duong tron (O), hai duong cao BD va CE cit nhau tai H. V& dudng
kinh AF.

a) Tt giac BFCH 1a hinh gi?

b) Goi M 1a trung diém ciia BC. Chirng minh rang ba diém H, M, F thang hang.

¢) Chirng minh OM = %AH .

Loi giai
A
O
[ “
| | c
M

a) Tt giac BFCH c6 cac canh ddi song song nén 1a hinh binh hanh.
b) Tt giac BHCF la hinh binh hanh ma M 1a trung diém ctia BC nén M la trung diém cia HF = H, M, F
thang hang.

1
c) Xét AAHF c6 OM la duong trung binh cua AAHF = OM = EAH .

Bai 5. Cho nira dudng tron (O) dudng kinh AB va diém C di dong trén nira dudng tron d6. V& dudng
tron (I) tiép xtic voi duong tron (O) tai C va tiép xic véi duuong kinh AB tai D, dudng tron nay cit CA,
CB lan luot tai cac diém tht hai 14 M va N. Chimg minh ring;

a) M, N, I thang hang.

b) ID L MN .

Loi giai

Trang 14



Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

a) ACB =90" = MCN =90
Xét (I), co: ACB=90" = N,M,I thang hang

b) Pudng tron (0) va (I) tip xtc v6i nhau tai C nén O, I, C thing hang

AICN »INC=ICN | INC=0BC| MN//AB
R = ‘ = ID 1 MN
AOCB — OBC = OCB dong.vi ID 1 AB(t.ctiep.tuyen)

Bai 6. Cho A4BC nhon néi tiép dudng tron (O). Puong cao BM, CN cit nhau tai H va cit duong tron
lan luot tai E va F.

a) Chimg minh rang A 1a diém chinh giira cung FE.

b) Chirng minh rang EF // MN.

¢) Chimg minh ring O4 1L MN .

d) Chimg minh rang AH khong d6i khi A di dong trén cung 16n BC.

e) Chig minh rang F d6i xtimg v6i H qua AB.

Loi gidi

Trang 15



Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
a) B, =C, (phu géc BAC) = EA=FA (chan boi hai goc ndi tiép bang nhau) = 4 1a diém chinh giita

FE = 04 L FE(l)

)
d.vi

E_Cz E:]VJM\B
NMB=C,

}: MN | /FE(2)

= 0A L MN
d) Ké duong kinh AD va goi I 14 trung diém cuia BC = IO L BC=1

Ta co:
— CD 1 AC BH //CD
ACD =90 = =

BH 1 AC ttu:CH//BD

= O0BHCD 1a hinh binh hanh.
Ma I 14 trung diém cta BC nén I 13 trung diém caa HD
1 .

+ Xét AAHD, Ol = EAH < AH =201 (khong doi)
e. Taco: AE = FA= ABF = ABE ( chan hai cung bang nhau )
Xét ABHF c6 BN la dudng cao, duong phan giac nén cin tai B = BN 1a duong trung tuyén = N 1a
trung diém ciia FH hay F d6i ximg v6i H qua AB.
Bai 7. *Cho tam giac déu ABC' ndi tiép duong tron (O) Trén cung BC khong chira A ta lay diém P
batky (P khac B va P khac C'). Cac doan PA va BC cét nhau tai Q.

a) Gia st D 1a mot diém trén doan PA sao cho PD = PB. Chimg minh ring APDB déu.

b) Chimg minh ring PA = PB + PC'.

1 1

¢) Chirng minh hé thirc = + .
) Chung "0 T PB T PC

Loi giai

A

a) Trudc tién ta nhan thiy rang tam giac PBD cantai P .

Mit khac, BPD = BPA = BCA = 60° (hai goc ndi tiép cing chin AB ciia duong tron (0)).

Trang 16



Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

Vay nén tam giac PDB déu.

b) Ta dd c6 PB = PD, viy dé ching minh PA = PB + PC ta s& chitng minh DA = PC'.

Thét vay, xét hai tam giac BPC' va BDA cé: BA = BC (gia thiét), BD = BP (do tam giac BPD
déu).

Laivi ABD + DBC = 60, PBC + DBC = 60° nén ABD = PBC .
Tir d6 ABPC = ABDA (c.g.c), din dén DA = PC (dpcm).

L — —_

¢) Xét hai tam giac PBQ va PAC ta thdy BPQ = 60", APC = ABC = 60" (hai gbc ndi tiép cung

—_— /7~

chan cung AC ) suy ra BPQ = @, PBQ = PBC = PAC (hai goc noi tiép cung chan PC').

PQ PC
T dé APBQ ~ APAC (g.g) = —~ = —_hay PQ.PA = PB.PC.
ur do Q (g-g2) 5= pA Q

Theo két qué cau b, ta c6 PA = PB + PC nén PQ(PB + Pc) = PB.PC.

1 1
+ (dpcm).

H¢ thuc nay tuong duong voi =
PQ PB PC

Trang 17



Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
BAI 2

PUONG TRON NGOAI TIEP VA PUONG TRON NOI TIEP CUA MQT TAM GIAC

1. Pwong tron ngoai tiép tam giac

a. Dinh nghia: Puong tron di qua ba dinh cua tam giac dugc goi 1a dwdng tron ngoai tiép tam giac do.

Chii y: Khi dudng tron (O) ngoai tiép tam giac ABC, ta con nodi tam giac ndi tiép dudng tron (O).
b. Cach xac dinh tAm dwong tron ngoai tam giac
e TAm dwong tron ngoai tiép tam giac 1a giao cta ba dudng trung tryc cta tam giac do.

e Ban kinh dwong tron ngoai tiép tam giac bang khoang cach tir giao diém ba dudng trung tryc dén

>0 J | l'., I8, :.-'I
N L

e Pudng tron ngoai tiép tam gidc vudng c6 tam 1a trung diém canh huyén va ban kinh bing nira canh

moi dinh cua tam giac do.

huyén cua tam gidc vuong do.

e Trong mot tam giac déu, trong tAm cua tam gidc dong thoi 13 tim ctia duong tron ngoai tiép tam
giac do.

a3

e Tam giac déu canh @ c6 ban kinh dudng tron ngoai tiép 1a R = =

Nhan xét:
e Vi ba dudng trung tryc ciia tam gidc di qua mot diém nén tam dudng tron ngoai tiép tam giac 1a
giao cua hai dudng trung truc bat ki cia tam giac do.

e Mdi tam giac c6 dung mot dudng tron ngoai tiép.

Trang 1




Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

2. Puong tron ni tiép tam giic

a. Pinh nghia: Duong tron tiép xtic vdi ba canh cua tam giac duoc goi dudng tron ndi ti€p tam giac.

A

c

Chii y: Khi duong tron (I) ndi tiép tam giac ABC, ta con nodi tam giac ngoai tiép duong tron (1) .
b. Cach xac dinh tAm dwong tron ndi tiép tam giac
e TAm dwong tron ndi tié€p tam giac 13 giao ba dudng phan giac cla tam giac.
e Ban kinh dwong tron ndi tiép tam giac biang khoang cach tir giao diém ba dudng phan gidc dén

moi canh ctia tam giac do.

b M C

e Trong mdt tam giac déu, trong tAm cua tam giac dong thoi 13 tim ctia duong tron ndi tiép tam giac

do.

B M C

s X L1z ; \ \ e A 1a a3
e Tam gidc déu canh a c6 ban kinh duong tron noi tiép 1a » = T\/_ )

Nhén xét:
e Vi ba duong phan giac ciia tam giac di qua mot diém nén tim dudng tron noi tiép tam giac 1a giao
ctia hai dudng phan giac bat ki cua tam giac do.

e Mbi tam giac c¢6 dung mot dudng tron noi tiép.

Trang 2




Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

3. Duong tron bang tiép tam giac (Doc thém)

e Puong tron tiép xuc vai 1 canh cta tam giac va tiép xtc v6i phan kéo dai ciia hai canh con lai goi 1a
duong tron bang tiép tam giac

e Tam cua dudng tron bang tiép tam giac goc 413 giao diém cua hai duong phéan gidc cac gbc ngoai
tai B va C hoic la giao diém cta dudng phan giac goc A4 va duong phan giac ngoai tai B (hodc C)

e Mbi tam giac c6 ba dudng tron bang tiép tam giac

Trang 3




Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS
DANG 1

XAC PINH TAM VA TiNH BAN KINH PUONG TRON NGOAI TIEP, NQI TIEP TAM GIAC

e Duong tron ngoai ti€p tam giadc vuong c6 tam la trung diém canh huyén va ban kinh bang nira canh
huyén ctia tam giac vuong do.
e Trong mot tam giac déu, trong tdm cua tam gidc dong thoi la tdm cua duong tron ngoai va noi ti€p

tam gidc do.
‘s A L1z . \ \ Y S aNv3 .., ; \ \ A
e Tam gidc déu canh acd ban kinh dudong tron ngoai tiép 1a R = 3 va ban kinh duong tron noi

a3

tiépla r=——.
P 6

Bai 1. Cho hinh vé sau :

B| . | «

/

g

I'. { ) |I P |
! ¥ J
\. - B N &
B

a) Hinh nao c6 dudng trdn (O) ngoai tiép tam gidc ABC ? Gidi thich ?

b) Hinh nao c6 duong tron (O) ndi tiép tam giac ABC ? Giai thich ?

Bai 2. Cho tam gidc ABC vuong tai 4, c6 AB=10cm va AC = J21lem . Tinh ban kinh duong tron
ngoai tiép tam giac ABC .

Bai3. Cho A4BC vuodngtai A,cd AB=6cm va AC =8cm ngoai tiép duong tron (I;r). Tinh »

BAI TAP REN LUYEN
Bai4. Cho tam giac ABC vudng tai 4, cd AB=4a va dudng tron ngoai tiép tam giac ABC c6 ban

kinhla R = 5761 . Tinh AC canh theo a.
Bai5. Cho tam gidc 4BC vudng can tai 4, va duong tron ngoai tiép tam gidc 4BC c6 ban kinh 1a
R =102 (cm). Tinh AB.

Bai 6. Cho tam giac A4BC vudng can tai A, va c6 AB = a~J2 . Tinh béan dudng tron ngoai tiép tam
giac ABC theo a.
Bai 7. Cho tam gidc ABC c6 AB = 5(cm),AB = 12(cm),BC = 13(cm).

Trang 4



Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

a) Tinh dién tich tam gidc ABC .
b) Tinh ban duong tron ngoai tiép tam gidc ABC .
Bai 8. Cho tam giac déu 4BC canh 2a. Tinh ban kinh duong tron ngoai tiép va noi tiép tam giac ABC

theo a.

4a\/§

Bai 9. Puong tron ngoai tiép tam giac déu ABC c6 ban kinh R = 3

a) Tinh cac canh cua tam giac ABC theo a.

b) Tinh ban duong tron noi tiép tam giac ABC theo a.

Bai 10. Duong tron ndi tiép tam gidc déu ABC c6 béan kinh bang 4(dm).

a) Tinh dién tich tam gidc ABC.

b) Tinh ban duong tron ndi tiép tam giac ABC .

Bai 11. Ngudi ta muén lam mot khung gd hinh tam gidc déu c6 canh 10410 (cm)dé dat vira khit mot

d6ng ho treo twdng (nhu hinh v&). Tinh duong kinh chiéc dong ho do.

Bai 12. Bac An c6 mot khu dit dugc bao xung quanh bai ba con dudng thing 1ap thanh mot tam giac voi
do dai cac canh 1a AB =30m, AC =40m,BC = 50m (nhu hinh v¢).

a) Vi gia dat hién tai 1a 20 triéu/m?. Néu Bac An ban thi dugc bao nhiéu tién?

b) Bac An mudn xdy mot ngdi nha biét thy bén trong khu dat minh cach déu ca ba con dudng d6. Khi do,

ngdi nha biét thy ciia Bac An cach mdi con duong 1a bao nhiéu?

Bai 13. Ba duong tron ti€p xtc véi nhau ting d6i mot va ti€p xic vdi cac canh cua tam gidc nhu hinh

bén. Néu mdi duong tron ¢ ban kinh 1a 3, thi chu vi cia tam giac s& biang bao nhiéu?

Trang 5



Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

Bai 14. Cho AABC vudng tai A, c6 AB=9cm, AC=12cm. Goi I 1a tim duong tron ndi tiép, G 1a

trong tam cua tam giac. Tinh d¢ dai /G

Trang 6



Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
DANG 2

BAI TOAN LIEN QUAN PUONG TRON NGOAI TIEP, NOI TIEP TAM GIAC

Bai 1. Cho A4BC cén tai 4 ni tiép duong tron (O). Goi E, F theo thtr ty 1a hinh chiéu cua (O) 1én

AB va AC . Chimg minh ring AO 1a tia phén giac cua BAC
Bai 2. Cho AABC vuong tai A4 BAC =90 (AB < AC). Duong tron (I) noi tiép tam giac ABC tiép

xuc voi BC tai D.Ching minh rang:

2) BD:BC+AB—AC

b) S, = BD.DC

BAI TAP REN LUYEN
Bai 3. Cho duong tron (O;R) va hai duong kinh vudng goc 4B,CD . Trén ban kinh A0 lay doan

A1=249 stia C1 cit (O) tai E. Tinh R theo CE
C
R
A PR B
E
D

Bai4. Cho AABC vudng tai A ngoi tiép duong tron (O). Goi D, E,F lan luot 1a cac tiép diém cta

(O) véi cac canh AB, AC va BC . Puong thang BO cit duong thang EF tai I. Tinh BIF

Trang 7



Hinh hoc 9 - Chuwong 9: Puong tron ngogi tiép va dwong tron ndi ticp — Tw ludn c6 1oi gidgi KNTTVCS
DANG 3
BAI TOAN LIEN QUAN PUONG TRON BANG TIEP TAM GIAC

PQC THEM

Bai 1. Cho A4BC, dudng tron tAm I bang tiép trong goc A tiép xuc vai cac tia AB, AC theo thir tuy tai
E,F.Cho BC=a,CA=b,AB = c. Chliing minh rﬁng:

2) AE:AF:a+b+C
b) BE:a+b—c
0 CF:c+a—b

Bai 2. Cho tam gidc ABC can tai A4, diém 7 1a tAm dudng tron ndi tiép, diém K 1a tim duong tron
bang tiép 4 cua tam giac. Goi O 1a trung diém cua IK

a) Chimg minh 4 diém B,I,C,K cung thudc 1 dudng tron

b) Goi (O) 1a duong tron di qua 4 diém B,/,C,K . Chimg minh 4C 1a tiép tuyén cia dudng tron
(0;0K)

c) Tinh ban kinh cua (O) biét AB = AC =20cm, BC =24cm

Trang 8



Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
BAI 2

PUONG TRON NGOAI TIEP VA PUONG TRON NOI TIEP CUA MQT TAM GIAC

1. Pwong tron ngoai tiép tam giac

a. Dinh nghia: Puong tron di qua ba dinh cua tam giac dugc goi 1a dwdng tron ngoai tiép tam giac do.

Chii y: Khi dudng tron (O) ngoai tiép tam giac ABC, ta con nodi tam giac ndi tiép dudng tron (O).
b. Cach xac dinh tAm dwong tron ngoai tam giac
e TAm dwong tron ngoai tiép tam giac 1a giao cta ba dudng trung tryc cta tam giac do.

e Ban kinh dwong tron ngoai tiép tam giac bang khoang cach tir giao diém ba dudng trung tryc dén

>0 J | l'., I8, :.-'I
N L

e Pudng tron ngoai tiép tam gidc vudng c6 tam 1a trung diém canh huyén va ban kinh bing nira canh

moi dinh cua tam giac do.

huyén cua tam gidc vuong do.

e Trong mot tam giac déu, trong tAm cua tam gidc dong thoi 13 tim ctia duong tron ngoai tiép tam
giac do.

a3

e Tam giac déu canh @ c6 ban kinh dudng tron ngoai tiép 1a R = =

Nhan xét:
e Vi ba dudng trung tryc ciia tam gidc di qua mot diém nén tam dudng tron ngoai tiép tam giac 1a
giao cua hai dudng trung truc bat ki cia tam giac do.

e Mdi tam giac c6 dung mot dudng tron ngoai tiép.

Trang 1




Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

2. Puong tron ni tiép tam giic

a. Pinh nghia: Duong tron tiép xtic vdi ba canh cua tam giac duoc goi dudng tron ndi ti€p tam giac.

A

c

Chii y: Khi duong tron (I) ndi tiép tam giac ABC, ta con nodi tam giac ngoai tiép duong tron (1) .
b. Cach xac dinh tAm dwong tron ndi tiép tam giac
e TAm dwong tron ndi tié€p tam giac 13 giao ba dudng phan giac cla tam giac.
e Ban kinh dwong tron ndi tiép tam giac biang khoang cach tir giao diém ba dudng phan gidc dén

moi canh ctia tam giac do.

b M C

e Trong mdt tam giac déu, trong tAm cua tam giac dong thoi 13 tim ctia duong tron ndi tiép tam giac

do.

B M C

s X L1z ; \ \ e A 1a a3
e Tam gidc déu canh a c6 ban kinh duong tron noi tiép 1a » = T\/_ )

Nhén xét:
e Vi ba duong phan giac ciia tam giac di qua mot diém nén tim dudng tron noi tiép tam giac 1a giao
ctia hai dudng phan giac bat ki cua tam giac do.

e Mbi tam giac c¢6 dung mot dudng tron noi tiép.

Trang 2




Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

3. Duong tron bang tiép tam giac (Doc thém)

e Puong tron tiép xuc vai 1 canh cta tam giac va tiép xtc v6i phan kéo dai ciia hai canh con lai goi 1a
duong tron bang tiép tam giac

e Tam cua dudng tron bang tiép tam giac goc 413 giao diém cua hai duong phéan gidc cac gbc ngoai
tai B va C hoic la giao diém cta dudng phan giac goc A4 va duong phan giac ngoai tai B (hodc C)

e Mbi tam giac c6 ba dudng tron bang tiép tam giac

Trang 3




Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS
DANG 1

XAC PINH TAM VA TiNH BAN KINH PUONG TRON NGOAI TIEP, NQI TIEP TAM GIAC

e Duong tron ngoai ti€p tam giadc vuong c6 tam la trung diém canh huyén va ban kinh bang nira canh
huyén ctia tam giac vuong do.
e Trong mot tam giac déu, trong tdm cua tam gidc dong thoi la tdm cua duong tron ngoai va noi ti€p

tam gidc do.
‘s A L1z . \ \ Y S aNv3 .., ; \ \ A
e Tam gidc déu canh acd ban kinh dudong tron ngoai tiép 1a R = 3 va ban kinh duong tron noi

a3

tiépla r=——.
P 6

Bai 1. Cho hinh vé sau :

B| . | «

/

| )
3 ' j &= §
Fi LY Fi
\ i B N &
kl

a) Hinh nao c6 dudng trdn (O) ngoai tiép tam gidc ABC ? Gidi thich ?
b) Hinh nao c6 duong tron (O) ndi tiép tam giac ABC ? Giai thich ?
Loi giai
a) Hinh a), dudng tron (0) 1a duong tron ngoai tiép tam giac ABC viné di qua ba dinh 4, B,C cua tam
giac ABC.
b) Hinh d), dudng tron (O)la duong tron ndi tiép tam gide 4BC vi né tiép xtc ba canh 4B, BC,CA
cua tam giac ABC'.
Bai 2. Cho tam gidc ABC vuong tai A, c6 AB=10cm va AC = V21em . Tinh ban kinh duong tron

ngoai tiép tam giac ABC.

Loi gidi
i i
A
|III |
B {
| i |||
N




Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
BC* = AB* + AC?

BC2=102+(\/5)2
BC? =121
= BC =121 =11(cm)

Tam giac ABC vudng tai 4 nénbankinh R dudng tron ngoai tiép tam giac ABC bang nita canh huyén

BC hay R=BTC=%=5,5(cm)

Bai3. Cho A4BC vuodngtai A,cd AB=6cm va AC =8cm ngoai tiép duong tron (I;r). Tinh r

Loi giai

7
/

/

M___

11

|

|
A N C
Duong tron (7;7) tiép xtc véi cac canh 4B, AC,BC theo thir tw M, N, P

Taco: S, = %IM.AB = %r.AB(l);SAIC = %IN.AC = %r.AC(2);SB,C = %r.BC(3)

Cong (1)(2)(3) vé theo V¢, ta dugc: S +S e+ Sy

:%r.(AB+ AC+ BC)

ABC

Ma S, =%AB.AC=%=24(0m2) , BC =6 +8 =100 =10(cm)

Nén ta co: 24=%r(6+8+10):> r=2(cm).

BAI TAP REN LUYEN
Bai4. Cho tam giac ABC vudng tai 4, c6 AB=4a va dudng tron ngoai tiép tam gidc ABC co ban

kinhla R= 5761 . Tinh AC canh theo a.

Bai 5. Cho tam giac ABC vudng can tai A, va dudng tron ngoai tiép tam giac ABC c6 ban kinh 1a
R=10v2(cm). Tinh AB.

Bai 6. Cho tam gidc ABC vudng can tai A, va c6 AB = a~/2 . Tinh bén dudng tron ngoai tiép tam
giac ABC theo a.

Bai 7. Cho tam gidc ABC c6 AB=5(cm),AB=12(cm),BC =13(cm).

Trang 5



Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

a) Tinh dién tich tam gidc ABC .
b) Tinh ban duong tron ngoai tiép tam gidc ABC .
Bai 8. Cho tam giac déu 4BC canh 2a. Tinh ban kinh duong tron ngoai tiép va noi tiép tam giac ABC

theo a.

4a\/§

Bai 9. Puong tron ngoai tiép tam giac déu ABC c6 ban kinh R = 3

a) Tinh cac canh cua tam giac ABC theo a.

b) Tinh ban duong tron noi tiép tam giac ABC theo a.

Bai 10. Duong tron ndi tiép tam gidc déu ABC c6 béan kinh bing 4(dm).

a) Tinh dién tich tam gidc ABC.

b) Tinh ban duong tron ndi tiép tam giac ABC .

Bai 11. Ngudi ta muén lam mot khung gd hinh tam gidc déu c6 canh 10410 (cm)dé dat vira khit mot

dong ho treo twdng (nhu hinh v&). Tinh duong kinh chiéc dong ho do.

Bai 12. Bac An c6 mot khu dit dugc bao xung quanh bai ba con dudng thing 1ap thanh mot tam giac voi
do dai cac canh 1a AB =30m, AC =40m,BC = 50m (nhu hinh v¢).

a) V6i gia dat hién tai 1a 20 triéu/m?. Néu Bac An ban thi dugc bao nhiéu tién?

b) Bac An mudn xdy mot ngdi nha biét thy bén trong khu dat minh cach déu ca ba con dudng d6. Khi do,

ngdi nha biét thy ciia Bac An cadch mdi con duong 1a bao nhiéu?

Bai 13. Ba duong tron ti€p xtc véi nhau ting d6i mot va ti€p xic voi cac canh cua tam gidc nhu hinh

bén. Néu mdi duong tron ¢ ban kinh 1a 3, thi chu vi cia tam giac s& biang bao nhiéu?

Trang 6



Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

Loi giai
Tutam P va Q v&€ PQ va CQ vudng goc voi canh AD cua tam giac
Céc tam giac APB va DQC 14 nira tam giac déu v6i PB=0QC =3
— AB=CD=33;BC=PQ=6= AD=6+63
Vay chu vi tam giéc la: 18+ 183
Bai 14. Cho AABC vudng tai A, ¢c6 AB=9cm, AC =12cm. Goi I 1a tam duong tron ndi tiép, G 1a

trong tdm cua tam gidc. Tinh d6 dai /G

Loi giai
B
E
|
b G
A F N M C

Goi D, E,F la tiép diém ciia duong tron (1) v6i AB

AABC vuéng tai A, theo dinh 1y Pytago ta c6: BC = AB* + AC* =\9* +127 =15(cm)
Theo tinh chét cua hai tiép tuyén cit nhau, ta c6: AD = AF; BD = BE;CE = CF

Do d6 2AD+2BE+2CE =AB+BC+CA=9+12+15=36

< 24D +2BC =36 < AD =3(cm)= BD =6(cm); DI =3(cm)

BI BD 6 2 BG IG/INM
Goi N=BINnAC ,tach: —=—=—=—=——= )
BN BA 9 3 BM IG:ENM

BD DI 2
Ta c6 OIDAF 1a hinh vudng, c6: — =——=== AN =4,5(cm)
BA AN 3

Ma M 1a trung diém cia AC nén: NM :AM—AN:6—4,5:1,5(cm):>IG:1(cm)

Trang 7



Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS
DANG 2

BAI TOAN LIEN QUAN PUONG TRON NGOAI TIEP, NOQI TIEP TAM GIAC

Bai 1. Cho A4BC cén tai 4 ni tiép duong tron (O). Goi E,F theo thtr ty 1a hinh chiéu cua (O) 1én
AB va AC . Chimg minh ring AO 1a tia phén giac cua BAC
Loi gidi
A

12

B / C
Ta c6: AABC cantai A= AB= AC = OE = OF
Xét hai tam giac vuong AOE va AOF , cé:
+ OA: canh chung
+ OFE = OF : Chtiing minh trén

—~ o~

4 =4,
AE = AF

— AAOE = AAOF = { — AO 1a phan gidc ciia BAC

Bai 2. Cho AABC vuong tai 4 BAC =90° (AB < AC). Duong tron (I) noi tiép tam giac ABC tiép

xuc voi BC tai D.Ching minh rang:

2) BD:BC+AB—AC

b) S, = BD.DC

a) Goi E,F 1a tiép diém cua duong tron () véi cac canh 4B, AC
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
Theo tinh chat cua hai ti€p tuyén cat nhau, ta c6: AE = AF; BE = BD;CD =CF

Do dé: 2BD=BD+BE:BC—CD+AB—AE=BC+AB—(CD+AE):BC+AB—(CF+AF)

_BC+ AB— AC = pp = 2C+AB—-AC

BC+AC—-A4B

b) Tuong tu cau a) ta c6: DC =

(BC+AB—AC)(BC + AC - 4B)
4

ma AB* + AC *= BC* (AABC vuéng tai 4), do d6: BD.DC =

BC*~(AB-AC)" BC®-AB*-AC*+24B.AC _ AB.AC
4 = 4 = 5 =S,5c -

BAI TAP REN LUYEN
Bai3. Cho dudng tron (O;R) va hai duong kinh vudng géc 4B,CD. Trén ban kinh 4O lay doan

24 ,
Al = 0 ,v&tia CI cat (O) tai E.Tinh R theo CE
C
R
L ]
Al
0 B
E
D
Loi giai
240 2R 2R R

Taco Al =—— =0[=R-—"—=_"
3 3 3

AOCI vudng tai O, ta co:

2
CI =NOC*+0I’* = /RZJ{?J =—R\§E

ACED noi tiép duong tron O ¢6 canh CD 1a dudong kinh = ACED vudng tai E
Hai tam giac vudng OCI va CED cé C :chung

CO_Cl | p_COCD

= ACOI# ACED = =
CD CI

_ R2R _ 6R 3R\10

3
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS
Bai4. Cho AABC vuéng tai A ngoi tiép duong tron (O). Goi D, E, F lan luot 1a cac tiép diém cta

(O) véi cac canh AB, AC va BC . Puong thang BO ciat duong thang EF tai 1. Tinh BIF

Loi giai

A

°C
i VU S , <
Taco: DEI = DEF = EDOF (goc ndi tiep va goc & tam cung chan cung DF ).
Vi BD, BF 1a céc tiép tuyén cia (O) 1an luot tai D, F nén OB la tia phan giac cia DOF (tinh chét 2
tiép tuyén cét nhau).

= DOB = %DOF

— DEI = DOB.

= DEIO 1a t giac ndi tiép (tir gidc co goe ngoai bang goc trong tai dinh ddi dién).

Xét tir gisc ODAE c¢6 O/E‘l — DAE = OEA =90° nén ODAE 1a hinh chir nhat (tr giac c6 3 goc
vuong).

Lai c6 AD, AE 1a céc tiép tuyén cua (O) tai D,E nén AD = AE (tinh chét 2 tiép tuyén cit nhau

= ODAE 1a hinh vuéng (hinh chir nhat ¢6 2 canh ké bang nhau ) = ODE = 45°.
Ma DEIO 1 ttr giac ndi tiép (cmt).
= BIF = ODE =45° (gbc ngoai ya goc trong tai dinh d6i dién cua tir giac ndi tiép).

Vay E/H\F =45°.
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Hinh hoc 9 - Chuwong 9: Puong tron ngogi tiép va dwong tron ndi ticp — Tw ludn c6 1oi gidgi KNTTVCS
DANG 3
BAI TOAN LIEN QUAN PUONG TRON BANG TIEP TAM GIAC

PQC THEM

Bai 1. Cho A4BC, dudng tron tAm I bang tiép trong goc A tiép xuc vai cac tia AB, AC theo thir tuy tai
E,F.Cho BC=a,CA=b,AB = c. Chiing minh rﬁng:

a) UE = AF = 8tb+e
b) pp_dtb-—c
¢) cp_cta=b

Loi giai

Goi D 1a tiép tuyén ctia (1) véi canh BC
a) Theo tinh chat cta hai tiép tuyén cit nhau thi: BD = BE,CD = CF, AE = AF
Do AE=AB+BE=c+BD (1); AF = AC+CF =b+CD (2)

Cong (1) v6i (2) theo vé ta duoc: 2AE=2AF:b+c+BD+CD=a+b+c:>AE:AF:%M

b) Theo cu a) ta co: BD+c=BE+c=AE=%]HC;CD+b=CF+b=Lb+C

_a+b+c

- CZ%H;CF:L’HC_Z,:M

2 2

= BE

Bai 2. Cho tam giac ABC can tai 4, diém I 1a tam dudng tron nodi tiép, diém K 1a tdm dudng tron

bang tiép A4 clia tam gidc. Goi O 1a trung diém ctia IK

a) Chung minh 4 diém B,I1,C,K cung thude 1 duong tron
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS
b) Goi (O) 1a dudng tron di qua 4 diém B,/,C,K . Chimg minh 4C 1a tiép tuyén cia dudng tron

(0;0K)
c) Tinh ban kinh cua (O) biét AB = AC =20cm, BC =24cm

Loi giai

A

a) Ta co6 BI,BK 1a hai tia phan giac cua hai goc ké bu = B/ L BK = B
Tuong ty CI va CK 12 hai tia phan giac hai goc ké bu = CI L CK =C

= IBK = ICK =90° = I,B,K,C ciing nam trén mot duong tron.

— e~~~ -~

b) Ta co: ACO = ACI +ICB+ BCO;ICK =90° = ICB+ BCO + OCK

Ta di chung minh:

OCK = ACI < OKC = ICB

Lai c6: OKC+OIC =90°(ICK =90°); ICB + OIC = 90°(IHC = 90°) = ACO = ICK =90° = AC 14 tiép
tuyén

¢) Tacod AK cit BC tai H = HC =12cm, AH =16cm

AACH# ACOH (gg) = A7 =C—H: CO=15cm

AC CO
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
BAI 3

TU GIAC NOI TIEP

1. Pwong tron ngoai tiép tir giac
Tir giac ndi tiép dudng tron 1a tir gide co bon dinh ndm trén dudng tron do.

Puong tron di qua bon dinh cua ttr giac goi la dudng tron ngoai tiép tir giac.

Chu y: Trong hinh v& trén, ta c6 tir gide ABCD ndi tiép va dudng tron (O) duoc goi 1a dudng tron
ngoai tiép tr gidc ABCD .
Pinh Ii

Trong mét tir gidc ndi tiép dudng tron, tong sd do hai goc ddi bang 180°.

A+ C = 180°
2. Puong tron ngoai tiép hinh chir nhit, hinh vudng
e Hinh chit nhat, hinh vudng 1a cac tt giac ni tiép.
e Puong tron ngoai hinh chit nhat, hinh vudéng c6 tim 1a giao diém cta hai dudng chéo va c6 ban kinh

bang nira duong chéo.

I i
D C

Chu y: Hinh thang can ndi tiép dugc dudng tron

Trang 1




Hinh hoc 9 - Chuwong 9: Puong tron ngogi tiép va dwong tron ndi ticp — Tw ludn c6 1oi gidgi
CHU PE 1
TINH GOC CUA TU GIAC NOI TIEP PUONG TRON
CHUNG MINH TU GIAC NOI TIEP PUONG TRON

DANG 1
TINH GOC CUA TU GIAC NOI TIEP PUONG TRON

KNTTVCS

Kién thire can nho

1. Ti gide ABCD néi tiép dwge duwdng tron thi c6 tdng sé do hai goc dbi dién bing 180°.

ABCD ndi tiép dugc duong tronnén 4 +C, =180° va B+ D =180°

2. Tt gidc ABCD ndi tiép dwoc dwong tron thi cé goc bing goc ké ciia goc ddi ciia né.

ABCD nbi tiép dugc dudng tron nén :4\1 + 61 =180" ma a + 6\2 =180" (hai géc ké bii) =
Chii y: Can nam lai kién thirc goc ndi tiép va goc ¢ tam

e Goc ndi tiép c6 sb do bang nira sb do cung bi chan.

e Goc 6 tam c6 sb do bang cung bi chan.

e Goc ndi tiép va gdc ¢ tam cung chan mot cung thi gdc noi tiep bang nira goc & tam.

—~ o~

Al :Cz
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

Bai 1. Trong céc tir giac sau, tir gidc nao noi ti€p dugc dudng tron? Gidi thich.

&) b} c)

Bai 2. Trong hinh v& dudi day, cho o =140°.

a) Tinh céac goc /TBT’, ADC ciia ti giac ABCD.
b) Tinh BAD + BCD.

Bai 3. Trong hinh v& dusi day, cho ADC =40°, BCD =100° .

a) Tinh cac goc /TBI’,@ cua tr giac ABCD.

b) Tinh BXC .

Bai 4. Cho tir gidc ABCD ndi tiép duong tron. Tinh sd do cac goc con lai clia tir giac d6 trong cac truon
hop sau:

a) A=45" va B=155. b) B=60" va C =85".
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

BAI TAP REN LUYEN

Bai 5. Trong cac tir giac sau, tt giac ndo noi tiép dugc dudng tron? Giai thich.

QUKD

Bai 6. Trong ciac dudng tron (O) sau, dudng tron nao ngoai tiép tr giac ABCD ? Giai thich.

B A
] c
m "
A D A \
0
D
Hinh 1 Hinh 2 Hinh 3

Bai 7. Cho tir gidc ABCD ndi tiép duong tron. Tinh sd do cac goc con lai cia tir gide do trong mdi
truong hop sau:
a) A=110° va B =50 b) B=60° va C =85 ¢) C=55"va D=127"

Bai 8. Duya vao hinh v€ sau, hay tinh x.

¢
B/ —
[\ 85°
o
*D
Bai 9. Dya vao hinh v€ sau, hay tinh x.
B "

|/ dx o ]
—
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi

Bai 10.Dya vao hinh v& sau hdy tinh s6 do cac goc cua tir gisc ABCD , biét DCx =135

E
309
D |
—d |
; |,
"i.‘
; - I| |
x V- A o _I‘ :
— — “—‘S — — — B
C

Bai 11.Dya vao hinh v& sau hiy tinh sb do cac goc cua tir giac 4BCD.

E
250
¢ _
F
Bai 12.Dua vao hinh vé sau
a) Chimng minh C7 la phén giac g(’)cﬁ) =135°.
b) Chting minh 4D 1a tiép tuyén ctia duong tron tam O.
D
A - 'T'\
2 L S - _,_,
C

Trang 5
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

Bai 13.Dya vao hinh v& sau hay tinh ban kinh R, biét AH L HC, AH =5cm, AB =8cm, AC =15cm .
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

DANG 2

CHUNG MINH TU GIAC NOI TIEP PUONG TRON

1. Phuwong phap chung
e Phuong phap 1: Dé tir gisc ABCD noi tiép dugc dudng tron thi ta ching minh A+C =180 hodc

B+D =180".

Chii y: TG giac co hai goc d6i dién déu bang 90° thi tim dudng tron ngoai tiép tr giac d6 1a trung

diém cua canh doi dién hai goéc vuong do.

e Phuwong phip 2: Pé ti gidc ABCD ndi tiép dugc dudng tron thi ta chimg minh
0OA=0B=0C=0D.

2. Ta cin thudc cac bo dé sau dé van dung chitng minh ti giac dé ndi tiép dwoc dwong tron.

Bo dé 1: Tu gidc c6 goc bang goc ke cua goc doi cua nod thi tir gide do ndi ti€p dugc duong tron.
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

ABCD la tr giac
Gia thiet | . -
A4 =C,

Kétluan | Tu gidc 4BCD ndi tiép dugc dudng tron.

Chirng minh:
Tacé: 4, =C, (gia thiér)
C,+C, =180° (hai géc ké bu)
Suyra 4 +C, =180°
Ta giac ABCD cb tong s do hai goc ddi 1/4\1 va a bang 180°, do d6 tir gisc ABCD ndi tiép dugc

dudng tron.
Bo dé 2: Tu giac c6 hai dinh k& nhau va ciing bang 90°, ddng thoi cing nhin dudi mot canh thi tir giac

noi ti€p dugc duong tron.

ABCD 1a tir gidc c6 1a hai goc ké ABD, ACD :
) .« | cung nhin duédi canh AD. B
Gia thiet -
ABD = ACD =90°
: 0 N

0OA=0D

Tt giac ABCD ndi tiép dugc duong tron cd

Két luan

tam 13 trung diém 4D .

Chirng minh:

. e \ \ J4 A 1
Xét tam giac ABD c6 ABD =90° va BO 1a duong trung tuyén nén OB = 04 =0D = EAD (1)

Xét tam gidgc ACD c6 ACD =90° va CO la dudng trung tuyén nén OC = 04 =0D = %AD (2)

Tu (1)va (2) suyra O4=0B=0C =0D

Vay ttr giac ABCD noi tiép dugce dudng tron cd tam 1a trung diém AD .
Chu y:

Mé rong bd dé 2: Ti giac co6 hai dinh k& nhau va bang nhau dong thoi cung nhin dudi mot canh thi

tur gidc ndi tiep dugc.
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

Néu CAD = CBD = o thi ABCD ndi tiép
B6 dé 3: Cho hai duong thing A, A, cit nhau tai diém M. Trén hai duong thing A, A, lan luot lay
cac diém A,B va C,D khi 46 4 diém A ,B,C,D cung thuoc mot duong tron khi va chi khi
MA.MB = MC.MD.

B
A B C
e R
M D
D

Hinh 1 Hinh 2
Néu MAMB = MC.MD thi ABCD ndi tiép

Ta ching minh tinh chat trén nhu sau:
e Truwong hop 1 (Hinh 1)

Ta co: MAMB — MC.MD — MA _ MC

MD  MB
Xét AMACva AMDB cé:

e —

MAC chung

MA _ MC  fitmg minh trén)
MD MB

= AMAC ~ AMDB(c - g —¢)= MAC = MDB=> ABCD ndi tiép.

e Truwong hop 2 (Hinh 2)

Ta c6: MAMB = MC.MD — MA _ MC

MD  MB
Xét AMACva AMDB co:

—

AMC = DMB (dbi dinh)

MA = Mc (chimg minh trén)
MD  MB
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
= AMAC ~ AMDB(c - g -c)= MAC = MDB

Vay tir gidc ABCD ¢6 hai dinh A va D ké nhau, cing nhin canh BC' dudi hai goc bang nhau nén
t gidc ABCD noi tiép duge duong tron.
Nhién xét: Trong bai tap chimg minh tir gidc noi tiép chu yéu sir dung B6 d& 1 va B6 dé 2, con Bo dé 2
mo rong va B6 dé 3 hau nhu khéng dung dén. N6 chi ding cho hoc sinh chuyén toan, vi thé cac em

khong quan tdm dén B6 dé 2 mo rong va B6 dé 3 nhé .

Bai 1. Cho tam giac ABC c6 ba goc nhon. V&€ cac duong cao BD va CE cua tam giac ABC. Goi H
1a giao diém cua BD va CE.

a) Chimg minh ADHE 1a tir giac noi tiép.

b) Chimg minh BCDE 14 tr giac ndi tiép.

Bai2. Cho tam giac nhon ABC' (AB > AC).Pudng tron (I) duong kinh BC cit AB,AC lan luot
tai F',E . Duong thang BE cit CF tai H va duong thaing AH cit BC tai D.

a) Ching minh tir giac BFHD noi tiép.

b) Chtng minh t gidac ABDE noi tiép.

Bai3. Cho tr gidc ndi tiép ABCD c6 tam gidc ABC la tam giac nhon. V& cac duong cao AM va CN
ctia tam giac ABC . Goi H 1a giao diém cia AM va CN .

a) Ching minh ABC = CHM .

b) Chimg minh ADC = AHC .

¢) Chtrng minh MAC = MNC .

d) Chimg minh MAC +90° = ANM .

BAI TAP REN LUYEN
Bai4. Trén nira duong tron (O) dudng kinh AB 1dy diém C sao cho AC > BC (C khac 4 va B). Goi D
1a trung diém cta doan thing OA. Pudng thang qua D va vudng goc voi AB cat AC tai E. Chitng minh
réng:
a) Tt giac BCED noi tiép dugc
AB®

b) AC.AE =

Bai5. Cho tam gidc ABC c6 3 goc nhon noi tiép duong tron (O) co tryc tam la diém H. Goi M 1a
diém trén ddy cung BC khong chira diém A ( M khac B,C). Goi N,P theo thir tu 14 cac diém ddi xtng
cia M qua cac duong thang AB,AC

a) Ching minh AHCP 13 ttr giac noi tiép

b) Chiing minh N,H,P thing hang.
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

Bai 6. Cho duodng tron (O;R) va diém A & bén ngoai duong tron. V& hai tiép tuyén AB,AC voi
duong tron (0) (B,C' 1a cac tiép diém). Goi M Ia trung diém AB .

a) Chig minh tir gidc ABOC' ndi tiép va xac dinh tim I ciia duong tron nay.

b) Chimg minh ring AM.AO = AB.AI .

c) Goi G la trong tam tam giac ACM . Chung minh MG / /BC'.

d) Chirng minh /G vuodng goc vé1 CM .
Bai7. Cho tam gidc ABC va dudng cao AH goi M,N lan luot 14 trung diém ctua AB,AC. Puong
tron ngoai tiép tam giac BHM cat duong tron ngoai tiép tam gidc CNH tai E. Ching minh AMEN 14 tir
gi4c ndi tiép va HE di qua trung diém cia MN .
Bai8. Trén ciac canh BC,CD cua hinh vuong ABCD ta léy lan luwot cac diém M,N sao cho
MAN =45°. Puong thang BD cit cac dudong thang AM, AN twong ng tai cac diém P,Q.

a) Chung minh ring cac t gidc ABMQ va ADNP ni tiép.

b) Chirng minh rang cac diém M,N,Q,P,C nam trén cing mot duong tron.
Bai9. Cho diém M thudc cung nhé BC cua duong tron (O). Mot duong thing d & ngoai (O) va
vuong goc véi OM; CM,BM cit d lan luot tai D,E. Ching minh rang B,C,D,E cung thudc mot dudong
tron.
Bai 10. Cho duong tron (O;R) noi tiép AABC, tiép xuc voicanh AB,AC lan luot & D vaE

a) Goi O' 1 tam dudng tron ndi tiép AADE , tinh 00" theo R.

b) Cac duong phén giac trong cua E va 6’ cit duong thaing DE lan lugt tai M va N . Chiing minh
tir gidc BCMN ndi tiép dugc dudng tron.

MN DM EN

c¢) Chirng minh = = .
BC AC AB

Bai 11. Cho tam gidc ABC vudng tai A. Ké duong cao AH va phan gidc trong AD cua goc HAC.
Phan giac trong goc ABC cit AH,AD lan luot tai M,N . Ching minh rang: BND =90° .

Bai 12. Cho tam giac cdn ABC (AB=AC) P la diém trén canh day BC. Ké cac duong thing PE,PD
1an lugt song song v6i AB,AC(EAC,DeAB) goi Q la diém déi ximg v6i P qua DE. Chémg minh bon

diém Q,A,B,C cung thudc mot duong tron.

Trang 11



Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
BAI 3

TU GIAC NOI TIEP

1. Pwong tron ngoai tiép tir giac
Tir giac ndi tiép dudng tron 1a tir gide co bon dinh ndm trén dudng tron do.

Puong tron di qua bon dinh cua ttr giac goi la dudng tron ngoai tiép tir giac.

Chu y: Trong hinh v& trén, ta c6 tir gide ABCD ndi tiép va dudng tron (O) duoc goi 1a dudng tron
ngoai tiép tr gidc ABCD .
Pinh Ii

Trong mét tir gidc ndi tiép dudng tron, tong sd do hai goc ddi bang 180°.

A+ C = 180°
2. Puong tron ngoai tiép hinh chir nhit, hinh vudng
e Hinh chit nhat, hinh vudng 1a cac tt giac ni tiép.
e Puong tron ngoai hinh chit nhat, hinh vudéng c6 tim 1a giao diém cta hai dudng chéo va c6 ban kinh

bang nira duong chéo.

I i
D C

Chu y: Hinh thang can ndi tiép dugc dudng tron

Trang 1




Hinh hoc 9 - Chuwong 9: Puong tron ngogi tiép va dwong tron ndi ticp — Tw ludn c6 1oi gidgi
CHU PE 1
TINH GOC CUA TU GIAC NOI TIEP PUONG TRON
CHUNG MINH TU GIAC NOI TIEP PUONG TRON

DANG 1
TINH GOC CUA TU GIAC NOI TIEP PUONG TRON

KNTTVCS

Kién thire can nho

1. Ti gide ABCD néi tiép dwge duwdng tron thi c6 tdng sé do hai goc dbi dién bing 180°.

ABCD ndi tiép dugc duong tronnén 4 +C, =180° va B+ D =180°

2. Tt gidc ABCD ndi tiép dwoc dwong tron thi cé goc bing goc ké ciia goc ddi ciia né.

ABCD nbi tiép dugc dudng tron nén :4\1 + 61 =180" ma a + 6\2 =180" (hai géc ké bii) =
Chii y: Can nam lai kién thirc goc ndi tiép va goc ¢ tam

e Goc ndi tiép c6 sb do bang nira sb do cung bi chan.

e Goc 6 tam c6 sb do bang cung bi chan.

e Goc ndi tiép va gdc ¢ tam cung chan mot cung thi gdc noi tiep bang nira goc & tam.

—~ o~

Al :Cz

Trang 2




Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

Bai 1. Trong céc tir giac sau, tir gidc nao noi ti€p dugc dudng tron? Gidi thich.

OB

Loi giai
O hinh a) va hinh b), tir giac khong noi tiép duong tron vi c6 mot dinh tir gidc khong nam trén dudng tron
O hinh ¢), tir gidc noi tiép duong tron vi 4 dinh tr giac nam trén dudng tron

Bai 2. Trong hinh v& dudi day, cho a =140°.

a) Tinh cac goc 21-3?7, ADC cua tir giac ABCD.

b) Tinh BAD + BCD.

Loi gidi

a) Ta co: ABC = 50{ = 5.1400 =70" (goc ndi tiép va goc & tim cing chin cung AC)

ABC + ADC =180° (t&t gidc ABCD ni tiép dudng tron )

70° + ADC =180°

ADC =180° —70°

ADC =110°

b) tir gisc ABCD ndi tiép duong tron nén BAD + BCD =180°.

Bai 3. Trong hinh v& dusi day, cho ADC =40°, BCD =100°.

a) Tinh céac goc ABC ,547) cua tir gidc ABCD.

b) Tinh BXC .

Loi giai
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

a) Ta co:

ABC + ADC =180° (&t gidc ABCD néi tiép dudng tron )
ABC +40° = 180"

ABC =180° — 40"

ABC =140"

BAD + BCD =180° (tir giac ABCD ndi tiép duong tron )
BAD +100° =180°

BAD =180° —100°

BAD =80°

b) Ta co:

AXD + XAD + XDA = 180° (téng ba gbc cta tam gidc ADX )
AXD +80° +40° = 180°

AXD =180" (80" +40°)

AXD = 60’

Bai 4. Cho tir gidc ABCD noi tiép duong tron. Tinh sb do cac goc con lai cua tir gidc d6 trong cac truon

hop sau:

a) A=45" va B=155. b) B=60" va C =85,
Loi giai

a)

-Tacd: A+C =180°(ttr gide ABCD ndi tiép dudng tron )
45° +C =180°

C =180° —45°

C =135

-Tacé: B+ D =180"(tlr gidc ABCD ndi tiép duong tron )
155" + D =180"

D =180"—155°

D =25

b) B=60° va C =85".
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

- Ta cé: B+D =180 (ttr gidc ABCD noi tiép dudng tron )
60° + D = 180"
D =180" — 60"

~Taco: A+C =180°(t& gidc ABCD ndi tiép dudng tron )

A+85° =180°
A=180" —85"
A=95

BAI TAP REN LUYEN

Bai 5. Trong cac tir giac sau, tir gidc ndo ndi tiép duge duong tron? Giai thich.

DO

Loi giai
O hinh a) va hinh b), tir gidc noi tiép duong tron vi 4 dinh t gidc nam trén dudng tron
O hinh c¢) va hinh d), tr giac khong noi tiép duong tron vi c6 mot dinh tir gidc khong nam trén dudng tron

Bai 6. Trong cac duong tron (O) sau, dudng tron nao ngoai tiép tir gide ABCD ? Gidi thich.

Hinh 1 Hinh 2 Hinh 3
Loi giai

O hinh 1) va hinh 3), dudng tron (O) 1a dudng tron ngoai tiép tir gidc ABCD vi né di qua ca bon dinh
cua tu giac ABCD.
O hinh 2), duong tron (0) la duong tron khong ngoai tiép to giac ABCD vi ndé khong di qua dinh D
cua tu giac.
Bai 7. Cho tir gidc ABCD ndi tiép duong tron. Tinh sé do cac goc con lai cia tir gidc do trong mdi
truong hop sau:

a) A=110° va B =50 b) B=60" va C =85 ¢) C=55"va D=127"
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi

Bai 8. Duya vao hinh v€ sau, hay tinh x.

C
B/ —
[\ 85°
-
0
2x
-
Bai 9. Duya vao hinh v€ sau, hay tinh x.
B A
Tx A
-I / + |
|/ ax o _
C¥—
3x

E
I|
309
1? |
2 *.A
|
; - II .I
x B
i A,
C

Bai 11.Dya vio hinh v& sau hiy tinh s6 do cac goc cua tir giac ABCD.

Trang 6
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi

KNTTVCS

E
D308
: S
| o /1N
ch.
B ,F
Bai 12.Dua vao hinh vé sau
a) Chirng minh C7 la phan giac g(’)cﬁ) =135°.
b) Chiing minh 4D 1a tiép tuyén ctia duong tron tam O.
D
A4 —3
4 P A
T
s
| 3 .'
Bd'/— e e W _i_~,-";:-
N Y

H
P~ 'r-..B
A7
_ ——— T\C
A
|
’ |
o* .
[ ]
R [/
D
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

DANG 2

CHUNG MINH TU GIAC NOI TIEP PUONG TRON

1. Phuwong phap chung

e Phuong phip 1: Dé tir gidc ABCD ndi tiép duoc dudng tron thi ta chimg minh A+C =180 hoac

B+D =180".

Chu y: T giac c6 hai goc ddi dién déu bang 90° thi tAm dudng tron ngoai tiép tir giac dé 1a trun
y g g g g g ptrg g

diém cua canh doi dién hai goc vuodng do.

e Phwong phip 2: Pé tir giac
0OA=0B=0C=0D.

ABCD ndi tiép dugc dudng tron thi ta ching minh

Trang 8




Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

2. Ta can thudc cic bo dé sau dé van dung chirng minh tir giac d6 ndi tiép dwoe duwdng tron.

Bo deé 1: Tu giac c6 goc bang goc ke cua gdc doi cua nd thi tir giac do ndi tiep duoc duong tron.

ABCD 1a tu giac
Gia thiet | .
A1 = Cz

Kétluan | Tu gidc ABCD ndi tiép dugc dudng tron.

Chirng minh:
Taco: 4 =C, (gia thiér)
C,+C, =180" (hai goc k& bir)
Suyra 4, +C, =180’
Ta gidc ABCD c¢6 tong sd do hai goc ddi :4\1 va CA’1 bang 180°, do d6 tir gidc ABCD ndi tiép dugc

dudng tron.

B6 dé 2: Tt giac c6 hai dinh ké nhau va cung bang 90°, dong thdi cing nhin dudi mot canh thi tir giac

noi ti€p dugc duong tron.

ABCD 1a ti giéc 6 14 hai goc k& ABD, ACD :
) .« | cung nhin dud6i canh AD. B

Gia thiet -

ABD = ACD =90°
OA=0D

T giac ABCD ndi tiép duogc duong tron co

Két luan .
tam la trung diém AD .

Ching minh:

Xét tam gidc ABD ¢6 ABD =90° va BO 1 dudng trung tuyén nén OB = 04 = 0D = %AD (1)

Xét tam giac ACD cé ACD=90" va CO 14 duong trung tuyén nén OC = 0A=0D = %AD (2)
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

Tur (1)va (2) suyra O4=0B=0C =0D
Vay ti giac ABCD ndi tiép duoc dudng tron c6 tim 1a trung diém 4D .
Chuy:
Mé rong bod dé 2: T giac co hai dinh ké nhau va bang nhau dong thdi cuing nhin duéi mét canh thi

tr giac ndi ti€p duoc.

—

Néu CAD = CBD = o thi ABCD ndi tiép
B6 dé 3: Cho hai duong thing ALA, cit nhau tai diém M. Trén hai duong thang ALA, lan lugt lay
cac diém A,B va C,D khi d6 4 diém A,B,C,D cung thudc mot dudng tron khi va chi khi
MAMB = MC.MD.

T

Hinh 1 Hinh 2
Néu MA.MB = MC.MD thi ABCD nbi tiép

Ta chiing minh tinh chét trén nhu sau:
e Truwong hop 1 (Hinh 1)

Ta co: MAMB — MC.MD — MA _ MC

MD MB
Xét AMAC va AMDB cbé:

—

MAC chung

MA = Mc (chtrng minh trén)
MD MB

= AMAC ~ AMDB(c - g —¢) = MAC = MDB = ABCD ndi tiép.
e Truwong hop 2 (Hinh 2)

Ta co: MAMB — MC.MD — MA _ MC

MD  MB
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
Xét AMACva AMDB cé:

AMC = DMB (déi dinh)

MA _ MO\ himg minh trén)
MD  MB

= AMAC ~ AMDB(c - g —¢) = MAC = MDB

Vay tir gidc ABCD ¢6 hai dinh A va D ké nhau, cing nhin canh BC' dudi hai goc bang nhau nén
t gidc ABCD noi tiép duge duong tron.
Nhan xét: Trong bai tip chimg minh t&r giac noi tiép chu yéu st dung B6 dé 1 va B dé 2, con BS dé 2
mo rong va B6 dé 3 hau nhu khéng dung dén. N6 chi ding cho hoc sinh chuyén toan, vi thé cac em

khong quan tam dén B6 dé 2 mo rong va B6 dé 3 nhé .

Bai 1. Cho tam giac ABC c6 ba goc nhon. V€ cac duong cao BD va CE cua tam giac ABC. Goi H
1a giao diém cua BD va CE.

a) Chimg minh ADHE 1a tir giac noi tiép.

b) Chimg minh BCDE 14 tr giac ndi tiép.

Loi giai

C 4]

a) Chimg minh ADHE 1a tir gi4c noi tiép.

BD 1 AC

Vi BD,CE la cac duong cao cia AABC nén — AEH = ADH =90° .
CE 1 AB

Xét tit gide ADHE c6 AEH + ADH =90° +90° =180".

= ADHE 1 tir giac noi tiép (T gidc co tong 2 goc dbi bang 180°).
b) Chiing minh BCDE 1a tir gi4c ndi tiép.

Goi O la trung diém BC .

BD1AC — —
Vi BD,CE la cac duong cao cua AABC nén = BDC = BEC =90’
CE 1 AB
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

Xét tam gisc BDC c6 BDC =90° va DO 1i dudng trung tuyén nén OD = OC = OB = %BC (1)

Xét tam giac BEC ¢6 BEC =90° va EO la dudng trung tuyén nén OF = OC = OB = %BC (2)

Tir (1) va (2) suy ra OD = OE = OC = OB

Vay tir giac BCDE ndi tiép dugc duong tron c6 tim O 1a trung diém BC .

Bai2. Cho tam giac nhon ABC (AB > AC). Puong tron (I) duong kinh BC' cit AB,AC lan lugt
tai F,E . Duong thing BE cat CF tai H va duong thing AH cit BC tai D.

a) Chirg minh tir gidc BFHD ndi tiép.

b) Chtng minh t gidc ABDE noi tiép.

a) Chimg minh t&t gidc BFHD ndi tiép.
- Xét dudng tron (/)

CFB =90 (g6c noi tiép chén nira duong tron) = CF L AB

CFB =90° (gbc ndi tiép chén nira duong tron) = BE L AC

Suy ra H 1a tryc tam cua tam giac ABC hay AH 1 BC = HDB = 90"
- Xét to giac BFHD

CFB = HDB = 90" (ching minh trén)

= CFB+ HDB = 180"
tr giac BFHD c6 tong hai goc ddi C/'}%,I?D\B bang 180° nén tir giac BFHD ndi tiép.
b) Chimg minh t&r gidc ABDE ndi tiép.
Goi O 1a trung diém 4B .

Xét tam gidc ADB c6 ADB =90" va DO la dudng trung tuyén nén OD = OA = OB = %AB (1)
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

Xét tam gide AEB ¢6 AEB=90° va EO 1a duong trung tuyén nén OE = OA = OB = %AB (2)

Tu (1)va (2) suyra OD=OFE = 0A= OB

Vay ti giac ABDE ndi tiép duoc dudng tron c6 tim O 1a trung diém 4B .

Bai3. Cho tur giac noi tiép ABCD c6 tam giac ABC 1a tam giac nhon. V& cac duong cao AM va CN
clia tam giac ABC . Goi H 1a giao diém ciia AM va CN .

a) Chtrng minh ABC = CHM .

b) Chimg minh ADC = AHC .

c¢) Chirng minh MAC = MNC .

d) Chtrng minh MAC +90° = ANM .

a) Chirng minh ABC =CHM .

. L . ) . |AM L BC — — .
Vi AM ,CN 1a cac dudng cao cua A4BC nén = BMH = BNH =90".
CN 1L 4B

Xét tit gide BNHM c6 BMH + BNH =90° +90° =180

= BNHM 1a tt giac ndi tiép (T giac c6 tong 2 goc ddi bang 180°).

T gidc BNHM noi tiép nén: MBN + NHM =180° hay CBA+ NHM =180°
ma MBN + NHM =180° (hai goc k& bu)

do 6 CBA = MBN

b) Chimg minh ADC = AHC .

T giac BNHM ndi tiép nén: MBN + NHM =180°

ma AHC = NHM (dbi dinh)

nén MBN + AHC =180°

hay ABC + AHC =180°

Mic khéc tir giac BNHM ndi tiép duong tron tim (0) nén ADC + ABC =180°
Do d6 ADC = AHC

c¢) Chirng minh MAC = MNC. .
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS
Ta chirng minh ACMN 14 t&r giac ndi tiép.
Goi E l1a trung diém AC .

. s X ~ 1
Xét tam giac AMC c6 AMC =90° va ME 1a dudng trung tuyén nén EM = EC = EA = EAC (1)

Xét tam giac ANC c6 ANC =90° va NE 1a duong trung tuyén nén EN = EC = EA = %AC (2)

Tu (1)va (2) suyra EM = EN = EC = EA

Vay tir giac ACMN ndi tiép duoc dudng tron c6 tdim E 14 trung diém AC .

Suy ra MAC = MNC (g6c noi tiép cung chin cung MC cia dudng tron tam E)
d) Chimg minh MAC +90° = ANM .

Ta c6 MAC + ACM = 90" (hai goc phu nhau)

Hay ACM =90° — MAC

Ma ACM + ANM =180° (tr gidc ACMN ndi tiép duoc dudng tron, ciu c))
Nén 90° - MAC + ANM =180°

Suy ra MAC +90° = ANM
BAI TAP REN LUYEN
Bai4. Trén nira duong tron (O) duong kinh AB 13y diém C sao cho AC > BC (C khac 4 va B). Goi D
1a trung diém cta doan thing OA. Pudng thang qua D va vudng goc voi AB cat AC tai E. Chimg minh
rang:
a) Tt giac BCED noi tiép duoc
AB?

b) AC.AE =

Loi gidi

a) Tir giac BCED noi tiép
C thudc dudng tron duong kinh AB = ZACB =90° (gbc ndi tiép chin nira dudng tron)
= ZECB =90°, mat khac ED 1 ABtai D (gt)= LEDB =90°
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

T giac BCED ¢6 ZECB+ ZEDB =90°+90° =180° ma hai goc nay dbi nhau
Suy ra BCED la tir giac noi tiép
AB?

b) AC.AE =

Xét AAED va AABCco :

ZBAC chung

— AAED ~ AABC(g.
ZADE = ZACB = 900} (g-8)

= AE = Q(cép canh tuong ung ti 18)= AC.AE = AD.AB
AB  AC

Ma D 14 trung diém ctia AO(gt) = AD = %AO

O 1a tdm duong tron duong kinh AB (gt)= A0 = %AB

Suyra AD=~40=21ap-Lp
2 272 4
2
Do do, AC.AE:%AB.AB = Af (dfem)

Bai5. Cho tam gidc ABC c6 3 gbc nhon ndi tiép dudng tron (O) co truc tdm 13 diém H. Goi M 1a
diém trén day cung BC khong chta diém A ( M khac B,C). Goi N,P theo thir tu 1 cac diém ddi xtimg
ciia M qua cic duong thang AB,AC

a) Chimg minh AHCP 12 tir giac ndi tiép

b) Chimg minh N,H,P thing hang.

a). Gia sir cac duong cao ciia tam giac 1a AK,CI . Pé ching minh AHCP 1a t&r gidc noi tiép ta s& chimg
minh AHC + APC=180°.
Ta co:

AHC =THK ( déi dinh)
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

APC = AMC = ABC ( do tinh déi xtng va goc ndi tiép cung chin mot cung).
Nhu vy ta chi can chimg minh ABC + IHK =180° nhung diéu nay 13 hién nhién do tr gidc BIHK la tir
giac noi tiép.
b). Pé chimg minh N,H,P thing hang ta s& chimg minh NHA + AHP =180° do d6 ta s& tim cach quy hai
goc ndy vé 2 goc ddi nhau trong mot tir giac noi tiép.
That vay ta co: AHP = ACP (tinh chat goc noi tiép), ACP = ACM (1) (Tinh chat ddi ximg) .

Ta thiy vai tro ti gidc AHCP gidng voi AHBN nén ta ciing dé chimg minh dwgc AHBN la tir giac ndi

tiép tir d6 suy ra AHN = ABN , mit khac ABN = ABM (2) (Tinh chit déi xtng) .
Tir (1), (2) ta suy ra chi cAn chimg minh ABM + ACM = 180" nhung diéu nay 13 hién nhién do tr giac
ABMC ndi tiép.

Vay NHA + AHP =180° hay N,H,P thing hang.

Bai 6. Cho duodng tron (O;R) va diém A & bén ngoai duong tron. V& hai tiép tuyén AB,AC voi
duong tron (0) (B,C' 1a cac tiép diém). Goi M Ia trung diém AB .

a) Chig minh tir gidic ABOC' ndi tiép va xac dinh tim I ciia duong tron nay.
b) Chting minh rang AM.AO = AB.AI .
c) Goi G la trong tam tam giac ACM . Chung minh MG / /BC'.

d) Chtrng minh /G vuodng goc véi CM .

Loi giai

C

—_— -

a) Do AB,AC 1a hai tiép tuyén cat nhau cua dudng tron (0) nén ABO = ACO = 90" = B,C thudc

duong tron duong kinh OA ¢6 tam I 1a trung diém OA .

b) Taco AM.AO = AQ—B.QAI — ABAI.

¢) Goi E 1a trung diém MA, do G 1a trong tim ACMA nén G € CE va g—g = l
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

Mat khac @ = l (vi ME = M—A = @ nén MFE = BE) = GE = ME , theo dinh ly Ta-1ét ddo
BE 3 2 2 3 CE E
= MG/ /BC.
!
d) Goi G' 1a giao diém ciia OA va CM = G"' 1a trong tim AABC . Nén %}y = % = %, theo dinh

ly Ta-1ét ddo GG'/ /ME (1)

MI 1a duong trung binh trong AOAB = MI / /OB, ma AB 1 OB (cmt) = MI 1 AB, nghia la
MI 1 ME (2).

Tex (1) va (2) cho MI L GG', ta lai c6 GI'L MK (vi OAL MK) nén [ la tryc tam
AMGG'= GI L G'M thc GI L CM .

Bai7. Cho tam gidc ABC va dudng cao AH goi M,N lan lugt 14 trung diém ciia AB,AC. Pudng
tron ngoai tiép tam gidc BHM cat dudng tron ngoai tiép tam giac CNH tai E. Ching minh AMEN 14 tir
giac ndi tiép va HE di qua trung diém ctia MN .

Loi gidi

Pé chimg minh AMEN 14 tir gidc noi tiép ta s&
chimg minh: MAN +MEN =180° .

Ta can tim su lién hé cia cac goc MAN;MEN vdi cac goc co sén cua nhitng tur giac ndi tiép khac.

Ta ¢6 MEN = 360° —(MET{H\I/E?I):%()O —(1800 — ABC +180° —@):KB\C+A/C\B -180° ~BAC suy ra
MEN +MAN =180° . Hay tir giac AMEN la tir giac noi tiép.

Ké MK L BC, gia st HE cat MN tai I thi IH 1a cét tuyén ciia hai duong tron (BMH), (CNH).

Lai c6 MB=MH =MA (Tinh chit trung tuyén tam giac vuong).

Suy ra tam giac MBH céan tai M= KB=KH = MK luén di qua tam dudng tron ngoai tiép tam gidc
MBH . Hay MN Ia tiép tuyén cua (MBH) suy ra IM? = IEIH , trong tu ta cling c6 MN la tiép tuyén cua

(HNC) suy ra IN*=IEIH do d6 IM=IN.
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS
Bai8. Trén cac canh BC,CD cua hinh vuong ABCD ta lay lan lugt cac diém M,N sao cho

MAN =45° Puong thang BD cit cac duong thaing AM, AN tuwong Ung tai cac diém P,Q.
a) Chig minh rang cac t gi\c ABMQ va ADNP ndi tiép.

b) Chung minh rr:ing cac diém M, N,Q,P,C nam trén cung mot dudong tron.

Loi giai
A B
P
M
C
D N
E

a). Goi E 1a giao diém cua AN va BC.

Cac diém M va Q nam trén hai canhEB va EA cua tam gidc EBA, nén tir giac ABMQ 1a 16i. Cac dinh
A va B cung nhin doan thing MQ dudi mot goc 45° khong dbi. Vi vy tir gidc ABMQ ndi tiép.

Lap luan tuong tu ta suy ra tir gihc ADNP ndi tiép.

b) Tu két qua cau a, suy ra ADP = ANP = 450,@/1 = Q/BT/I =45 = NP L AM,MQ L AN . Tap hop céc
diém P,Q,C nhin doan MN dudi mot gbc vuong, nén céc diém nay nam trén duong tron duong kinh
MN.

Bai9. Cho diém M thudc cung nhd BC cua dudng tron (O). Mot duong thing d & ngoai (O) va
vuong goc véi OM ; CM, BM cit d 1an luot tai D,E . Chirng minh réng B,C,D,E cung thuéc mot duong
tron.

Loi giai

Ké duong kinh AM cit d tai N.
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

Ta c6 ANE = ABE =90° nén t&r gidc ABNE néi tiép, suy ra BEN = BAN .
Mit khdc BAN =BCM, do d6 BCM = BEN hay BCD =BED .
T giac BCDE c¢6 cac dinh C va E cing nhin doan thing BD dudi mot goc khong ddi. Vi vay tir giac
BCDE ndi tiép.
Vay B,C,D,E cung thudc mdt dudng tron.
Bai 10. Cho duong tron (O;R) noi tiép AABC, tiép xuc voicanh AB,AC lan luot & D vaE
a) Goi O' 1a tam duodng tron ndi tiép AADE ,tinh OO' theo R.
b) Céac dudng phan giac trong cia B va C cat duong thing DE 1an luot tai M va N . Ching minh
tr gidc BCMN ndi tiép dugc dudng tron.

MN DM _EN
BC AC AB’

c¢) Chirng minh

a). Goi O' 1a giao diém ciia AO vé&i cung nhé DE ciia dudng tron (O) = O' thudc dudng phan giac

cua ;1 trong AADE.

— —

Taco DOA = EOA (tinh cht hai tiép tuyén cit nhau) = DO'=O0'E.

/N

Ma ADO':%sdDO';EDO':%st'E — ADO'= EDO' = DO' 1a phan gidc D = O' Ia tim

o —

duong tron noi tiép AADE . Do dé 00' = R.
b) Do AB=AC (tinh chit hai tiép tuyén cit nhau) = AADE «cin tai A nén

180° — BAC BAC

ADE — — 90" —
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

Ma A/D\E:ABMJrNMB:A;;CJrNMB (do BO l1a phan gide ABC néen ABM = A2C)

- o7 - D - & gy - PACHABC _ACH

Mt khac NCB — # (do CO 14 tia phén gidc ACB).

— -

Suy ra NMB = NCB, ma M,C 1a hai dinh lién tiép cua ta gidc BCMN = T giac BCMN ndi tiép

(vi cung thudc mot cung chira goce).

—

¢) ANMO va ABCO ¢6 NOM = BOC (déi dinh); NMO = BCO (cmt)

OM ON _MN

= ANMO ~ ABCO (g.g) = =
oc OB BC

DM  OM

T tv ADMOS$ AACO (g.g) = — = —;

wong tur $ (g2 1C =00
ANEO ~ ABAO (g.g):E:O—N.
AB OB

MN DM _EN
BC AC AB’

Vay

Bai 11. Cho tam gidc ABC vudng tai A. Ké duong cao AH va phan gidc trong AD cua goc HAC.
Phan giac trong goc ABCcit AH,AD lan luot tai M,N . Ching minh rang: BND =90 .

Loi giai
Phan tich:Ta c6 MHD =90°. Néu MND =90° thi ti gidc MHDN ndi tiép. Vi vdy thay vi truc tiép chi ra

g0c BND =90° ta s& di chimg minh ttr gisc MHDN noi tiép. Tirc 14 ta chimg minh AMN = ADH.

A

L — o — o — 1/\

That vdy ta c¢6 AMN=BMH=90"-MBH, NDH=90°-HAD ma MBH=%KB\C,HAD=EHACV:‘1

ABC=HAC do cung phu véi goc BCA tr do suy ra AMN = ADH hay to¢ giac MHDN noi
tiép = MND = MHD = 90°

Bai 12. Cho tam giac can ABC (AB=AC) P la diém trén canh day BC. Ké cac duong théng PE,PD
1an lugt song song v6i AB,AC(E<cAC,DeAB) goi Q la diém déi ximg véi P qua DE. Chéng minh bon

diém Q,A,B,C cung thugc mot duong tron.
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

Loi gidi

A

H

B P C

Bai toan c6 2 gia thiét can luu y. Do 13 cac duong thing song song vai 2 canh tam giac , va diém Q dbi
xting véi P qua DE. Do d6 ta s& c6: AD=EP=EC=EQva DP=DQ( Day 1a chia khoa dé ta giai bai
toan nay)

Tur dinh huéng d6 ta c6 161 gidi nhu sau:

Do AD//PE,PD//AE = ADPE la hinh binh hanh = AE=DP=DQ.

Mit khac do P,Q ddi xing nhau qua DE= AD=PE=EQ. Suy ra DAQE la hinh thang cén
= DAQ=AQE.

Kéo dai DE céat CQ tai H tacod IiA\Q=ATQ\E=P/Eﬁ.

Nhu vay dé ching minh ABCQ ndi tiép ta can ching minh: PCH + PEH =180° < PEHC 1a tr giac noi
tiép.

Mait khac ta co: ECQ =EQC (do tam giac EQC cén), EPH = EQH (Do tinh ddi xing ) suy ra

ECH = EPH < EPCH 14 tir giac noi tiép.
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Hinh hoc 9 - Chuwong 9: Puong tron ngogi tiép va dwong tron ndi ticp — Tw ludn c6 1oi gidgi KNTTVCS
CHU PE 2
BAI TAP TONG HOP VE PUONG TRON

DANG 1
PUONG TRON LIEN QUAN PEN TU GIAC NOI TIEP PUONG TRON, CHUNG MINH HE
THUC, TRUNG PIEM, Ti LE CANH

Bail. Cho tam giac ABC c6 ba goc nhon, cac duong cao AE, BF va CN cit nhau tai H
(FEeBC,FeAC, N e AB).

a) Chung minh t& giac CEHF ndi tiép.

b) Kéo dai FE cét duong tron duong kinh BC tai M . Chirng minh BM = BN .

¢) Biét AH = BC' . Tinh s6 do gbc A cua tam giac ABC .

Bai2.  Cho dudng tron (O) va diém A nam bén ngoai duong tron. Tir A ké céc tiép tuyén AM, AN véi
dudng tron (O)(M,N la cdc tiép diém). Mot duong thang di qua A cat duong tron (O) tai hai diém
P,0sao cho Pnam giita Ava Q, ddy cung PQ khong di qua tim O. Goi 713 trung diém ctia doan
PQ, J 1a giao diém cua hai duong thing 40 va MN.Chimg minh ring :

a) Nam diém A,M,0,I,N cung nam trén mot duong tron va LJIM = £JIN

b) Tam gidc AMP dong dang v&i tam giac AOM. Va AP.AQ = AI.AJ

Bai3. Cho duong tron tam O, duong kinh 4B, ddy CD vudng géc vo1 AB tai F. Goi M 1a mot
diém thudc cung nhé BC (M khéc B, M khéac C), hai duong thfmg AM va CD cit nhau tai E

a) Chig minh t&r gidc BMEF noi tiép

b) Chung minh tia MA 1a phan giac cua goc CMD

¢) Chimg minh AC* = AE.AM

d) Goi 7 1a giao diém cua hai duong thang MD va AB, N la giao diém cua hai dudng thang AM va
BC . Ching minh tdm duong tron ngoai tiép tam giac CEN nam trén dudng thang CI

Bai4.  Cho hai dudng tron (O;R) va (O';r) tiép xtic ngai tai 4 (R>r). Goi BC la tiép tuyén chung
ngoai cua hai duong tron nay (véi Be (O)Vél Ce (0')). Tiép tuyén chung tai 4 ciia hai duong tron

(O)va (O) cit doan thang BC tai M .

a) Chimg minh OM vuéng goc véi O'M .

b) Goi E 1a giao diém cia AB v6i OM va F 1a giao diém ctua AC vé6i O'M . Chimg minh t&r gidc
OEFO' noi tiép mot dudng tron.

¢) Goi I 1a tim duong tron ngoai tiép tor giac OEFO, K 1a trung diém cia AM . Chimg minh
00 =2IK.

Trang 1



Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

Bai5.  Cho nira duong tron dudong kinh AD. Lay diém B thudc nira duong tron (B khac A va D), trén
cung BDlay diém C (C khac B va D). Hai ddy AC, BD cét nhau tai diém E.K¢ doan thang EF vudng
goc voi AD(F € AD)

a) Chung minh t&r gidic ABEF ndi tiép

b) Ching minh AE.AC = AF.AD

¢) Chimg minh E 1a tAm duong tron ndi tiép tam giac BFC

BAI TAP REN LUYEN
Bai 6. Cho tam giac ABC nhon v6i AB > AC. Cac duong cao BM ,CN cit nhau tai H.
a) Chimg minh tir giac AMHN noi tiép
b) Goi Dla giao diém cua AH va BC.Chimg minh 4D 13 phan giac ciaa ZMDN
¢) Puong thang qua D va song song véi MN cat AB,CN lan luot tai 7,.J.Ching minh D 13 trung diém
J
Bai7. Cho duodng tron (O). Tir mot diém M . ¢ ngoai duong tron (O), ké hai tiép tuyén MA, MB
voi duong tron (O)(A, B 14 hai tiép diém).
a) Chimg minh MAOB 14 tir giac ndi tiép.
b) V& duong kinh BK cuia duong tron (O), H 1a diém trén BK sao cho AH vudng goc BK . Diém [
1a giao diém cua AH, MK . Chiémg minh I 1a trung diém ctia HA .
Bai8.  Cho nira duong tron (O) duong kinh AB . V& tia tiép tuyén Ax cung phia vé6i nira duong tron
duong kinh AB . Lay mot diém M trén tia Ax(M # A). Vé tiép tuyén MC véi nira duong tron (O) (
C latiép diém). V& AC cat OM tai E, V& MB cat nira duong tron (O) tai D(D # B).
a) Chig minh : Tir gidic AMDE ndi tiép trong mot duong tron.
b) Chiing minh: MA* = MD-MB.
¢) V& CH vuong goc véi AB(H € AB). Ching minh rang MB di qua trung diém cta doan thing
CH.
Bai9. Cho tam gidc ABC vudng tai 4 (AB < AC) ndi tiép trong duong tron tim O. Dung dudng
thing d qua A song song BC, duong thing d' qua C song song BA , goi D 1a giao diém cta d va
d'.Dung AE vudng géc BD (E nam trén BD), F la giao diém cua BD véi dudng tron (O). Chimg
minh:
a) TG giac AECD nbi tiép dugc trong duong tron.
b) AOF = 2CAE
c) Tu giac AECF 1a hinh binh hanh.
d) DF-DB =2AB?.
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

Bai 10. Cho dudng tron (O;R)va day MN c6 dinh (MN <2R). Ké duong kinh 4B vudng géc véi day
MN tai E. Lay diém C thugc ddy MN (C khac M,N,E). Dudng thing BC cit duong tron (O;R)tai
diém K (K khac B)

a) Chimg minh AKCE la tir giac noi tiép

b) Chirng minh BM* = BK.BC

¢) Goi I 1a giao diém ciia hai duong thang 4K, MN; D 1a giao diém cta hai duong thang 4C va
BI.Chimg minh diém C cach déu ba canh cia tam gidc DEK

Bai 11. Cho tam giac nhon ABC c6 AB < AC va ndi tiép dudng tron (0). Goi H la chan duong cao ha
tir dinh A cua tam giac ABC va E 13 hinh chiéu vudng goc cta diém B 1én duong thing A0

a) Chimg minh AEHB la tir giac noi tiép

b) Ching minh dudng thang HE vudng goc véi duong thang AC

c) Goi M la trung diém cua canh BC.Tinh ti sb %

Bai 12. Cho tam giac ABC c6 ba goc nhon va AB < AC. V@ cac duong cao AD,BE,CF cua tam giac
d6. Goi H la giao diém cua cac dudng cao vira v&

a) Ching minh rang cac tir gidc AEHF va BFEC noi tiép

b) Goi M, N lan luot 1a trung diém cta cac doan thing AH, BC.Ching minh ring FM.FC = FN.FA

¢) Goi P,Qlan luot 13 chan cac dudng vudng goc ké tir M, N d&én duong thang DF.Chung minh ring
duong tron duong kinh PQdi qua giao diém cua FE, MN

Bai 13. Cho tam giac déu ABC ndi tiép dudng tron (0), diém D thudc cung nho AB (D khac A va B).
Céc tiép tuyén véi duong tron (O)tai B va C cit ADtheo thtr ty tai £va G.Goi I 1a giao diém cua
CEva BG

a) Chung minh rang AEBC ~ ABCG

b) Tinh s6 do goc BIC. T d6, hdy ching minh ti giac BIDE ndi tiép

¢) Goi K la giao diém cua DI va BC.Chung minh rang BK* = KI.KD
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Hinh hoc 9 - Chuwong 9: Puong tron ngogi tiép va dwong tron ndi ticp — Tw ludn c6 1oi gidgi KNTTVCS
DANG 2
DUONG TRON LIEN QUAN DEN BA PIEM THANG HANG, BA PUONG THANG DPONG

QUY

Bai 1. Cho tam gidc 4BC vudng tai A ndi tiép duong tron tim O. Ké duong kinh AD. Tiép tuyén cua
dudng tron (O) tai D cét cac duong thang 4B, AClan luot tai E va F

a) Chirng minh hai tam gidc 4ABC va AFE dong dang v6i nhau

b) Goi I 1a trung diém cua EF va K 1a hinh chiéu vudng goc clia 4 trén canh BC . Chimg minh ba diém
A,K, 1 thang hang

Bai2. Cho tam gidc ABC c¢6 ba goc nhon, AB < AC va ndi tiép duong tron (0).Goi BE, CF 1a cac
duodng cao va H 1a truc tAm cta tam giac ABC

a) Chimg minh tir giac AEHF 14 tir giac noi tiép.

b) Pudng tron ngoai tiép tir giac AEHF cit dudng tron (0) tai diém tht hai 7 (A4 khong trung voi 1).
Chtng minh hai tam giac /BC va IFE d6ng dang v6i nhau.

¢) Hai duong thang BC va EF cat nhau tai K. Chimg minh ba diém 4, /, K thang hang.

BAI TAP REN LUYEN
Bai3. Cho tam giac ABC vuong tai C (AC < BC), duong cao CK va duong phan giac BD
(K € AB,De AC ) Qua D ké duong thang vudng goc véi AC cat CK, AB lan luot tai H va 1.
a) Chirng minh tir gidc CDKI noi tiép.
b) Chirng minh AC.AD = DH.AB.
¢) Goi F 1a trung diém ctua AD. Pudng tron tdm I ban kinh ID cit BC tai M ( M khac B) va cit AM tai N
(N khac M). Chimg minh B, N, F thang hang.
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
DANG 3

PUONG TRON LIEN QUAN DPEN TIEP TUYEN, VUONG GOC, SONG SONG

Bai1.  Cho duong tron (O) duong kinh AB. Day cung MN vudng goc v6i AB, (AM < BM'). Hai
duong thang BM va NA cit nhau tai K. Goi H la chan duong vudng goc ké tir K dén duong thang
AB.

a) Chimg minh t&r gidc AHKM ndi tiép trong mot dudng tron.

b) Chimg minh ring NB.HK = AN . HB .

c) Chimg minh HM 1 tiép tuyén ctia dudng tron (O).

Bai2. Cho tam gidc nhon ABCnéi tiép duong tron (O). Hai dudng cao BE,CF cit nhau tai
H(E € AC,F € AB) . Chting minh rang :

)Tt gidc BCEF ndi tiép duong tron

b) AE.BC=EF.AB

c) OA LEF

Bai3. Cho tam giac ABC c6 ba goc nhon ndi tiép dudng tron (0), (AB < AC). Goi D 1a diém trén cung
nho BC sao cho DB < DC. Tu D ké DE vudng gbéc véi BC ( E thugc BC), ké DF vuong goc voi AC (F
thuoc AC). Pudng thang EF cit tia AB tai K.

a) Ching minh tr gidc CDEF va DFE = DAB.

b) Chung minh t&r gidc DKBE ndi tiép va DB.DF = DA. DE.

¢) Goi Z, J 1an luot 13 trung diém cta AB va EF. Chimg minh 1J vudng goc véi DJ.

Bai4.  Cho duong tron (O) , duong kinh AB, ban kinh OC vuéng goc véi AB. Goi H 1a trung diém ctia
doan thing BC.Puong thing AH cit OC tai D va cit dudng tron (O) tai diém thir hai 1a K (K khac A)
a) Chig minh tir giac ODKBnoi tiép mot dudng tron

b) Tia phén giac ctia goc COK cat AK tai M. Ching minh ~/CMA = 90°

¢) Puong thing OM cit BC tai N, NK cét duong tron (0) tai diém thir hai 13 P (P khac K). Chimg minh

B 6i xtimg v6i P qua M

BAI TAP REN LUYEN
Bai5. Cho tam giac ABC' c¢6 ba goc déu nhon. Céc duong cao AK, BE va CF cat nhau tai H . Goi
I 1a trung diém cta doan AH, N la trung diém cta doan BC' .
a) Chung minh bon diém A, E, H, F nam trén cung mot duong tron.
b) Ching minh NE 1a tiép tuyén cua duong tron dudng kinh AH .
¢) Chung minh CI*> — IE* = CK.CB.
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

Bai6.  Cho dudng tron (O) dudng kinh AB. Trén tiép tuyén cta dudng tron (O) tai diem A lay diém M
(M # A). Lay diém N trén doan thdng OB (N khéc O va B).Duong thang MN cit dudng tron (O) tai hai
diém C, D (C nam giita M va D). Goi I 1a trung diém cua doan thang CD

a) Chig minh tir gidc AMIO 14 tir giac noi tiép

b) Qua D ké duong thiang song song véi MOcit AB tai H. Ching minh MA® = MC.MD va
LIAB = ZMDH

¢) Goi E, F lan luot 1a giao diém cua duong thang MO véi hai dudng thang BC, BD.Chimg minh tir gic
AEBF 1a hinh binh hanh

Bai7. Cho tam giic nhon ABC ( AB < AC) ndi tiép duong tron tim O. Hai tiép tuyén tai B va C cia
duong tron (O) cat nhau tai M, tia AM cat dudng tron (O) tai diém D.

a) Chung minh ring t giac OBMC ndi tiép duoc dudng tron.

b) Chirng minh MB? = MD.MA

¢) Goi E 1a trung diém doan thing AD; tia CE cat dudng tron (O) tai diém F. Chirng minh rang: BF // AM.
Bai8. Cho tam giac ABC nhon ndi tiép dudng tron tim O, dudng cao BE va CF . Tiép tuyén tai
B va C catnhautai S, BC' va OS citnhau tai M .

a) Chimg minh rang AB.MB = AE.BS .

b) Hai tam giac AEM va ABS dong dang.

¢) Goi AM cit EF tai N, AS cat BC tai P.Chung minh rang NP | BC.
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
DANG 4

PUONG TRON LIEN QUAN DEN GIA TRI LON NHAT, GIA TRI NHO NHAT

Bail. Trén nira duong tron tim O dudng kinh 4B =2R,1ay diém C (C khac A va B), tr C ké
CH vudng goc voi AB(H € AB).Goi Dla diém bét ky trén doan CH (D khéc Cva H), duong thing
AD cit ntra dudng tron tai diém thi hai 1a E

a) Chimg minh t gidc BHDE noi tiép

b) Chung minh AD.EC =CD.AC

¢) Khi diém C di dong trén nira duong tron (C khac A4, Bva diém chinh giira cung A4B), xac dinh vi tri
ctia diém C sao cho chu vi tam giac COH dat gia tri 1n nhat

Bai2. Cho nira duong tron tim O duong kinh 4B, M 1a mot diém bét ky thudc nira duong tron
(M khac A,B). Tiép tuyén tai M cét cac tiép tuyén Ax, By cua duong tron (O) lan luot tai Cva D

a) Chung minh t& gidac ACMO ndi tiép

b) Chiirng minh CO vudng goc véi OD

¢) Tim gia tri nho nhat cta tong dién tich hai tam giac ACM, BDM

BAI TAP REN LUYEN
Bai3. Cho tam gidc ABC nhon noi tiép duong tron (O;R), c6 ba duong cao AK,BE va CF cit
nhau tai H .
a) Chung minh t& gidac AEHF noi tiép.
b) Hai duong thing BE va CF cit dudng tron (0) lan lugt tai M va N (M khac B; N khac C).
Ching minh: MN //EF .
c) Gia str hai diém B,C c6 dinh, diém A4 di dong trén cung 16n BC clia duong tron (O) (A khic B,C).
Tim vi trf ctia diém 4 sao cho chu vi tam giac KEF dat gia tri lon nhét.
Bai4. Cho tam gidc ABC nhon, ndi tiép duong tron <O;R> va AB< AC. Ba duong cao
AD,BE,CF cua tam giac ABC(D,E,F 1a chan cac dudng cao) dong quy tai diém H . Ké duong kinh
AK cua dudng tron (O; R). Goi M 1a hinh chiéu vudng goc ctia C' trén duong thang AK .
a) Chumg minh rang t& giac BCEF noi tiép duong tron.
b) Chimg minh rang tam giac ABD dong dang v6i tam giac AKC va MD song song v6i BK .
¢) Gia str hai dinh B,C ¢ dinh trén duong tron (O; R) va dinh A di dong trén cung lén BC cua duong
tron (O; R). Chung minh ring dudng thing MF ludn di qua mot diém cd dinh va tim vi tri cia dinh A

sao cho dién tich tam giac AEH 16n nhat.

Trang 7



Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

Bai5. Trén nira duong tron tam O duodng kinh AB véi AB=2022, lay diem C (C khac A va
B), tir C k¢ CH vuong goc AB(H € AB). Goi D la diém bét ki trén doan CH (D khac C va H),
duong thang AD cét nira duong tron tai diém thir hai E .

a) Chung minh t&r giac BHDE 14 tir giac noi tiép.

b) Ching minh: AD-EC=CD-AC.

¢) Chimg minh: AD.AE + BH.BA = 2022,

d) Khi diém C di dong trén nira dudng tron (C khac A, B va diém chinh giita cung AB), x4c dinh vi
tri diém C sao cho chu vi tam giac COH dat gia tri 16n nhét.

Bai 6. Tu diém M nim ngoai dudng tron (O;R),ké tiép tuyén MA(Ala tiép diém) va cét tuyén
MBC khong di qua tdm O (diém B nam gitta hai diém M, C).Goi H 1a trung diém BC. Puong thing
OH cit duong tron (O;R) tai hai diém N,K (trong do diém K thudc cung BAC).Goi D la giao diém cua
AN va BC

a) Chimg minh tir gidc AKHD 1a tir giac noi tiép

b) Chitng minh /NAB = /NBDva NB* = NA.ND

¢) Chimg minh rang khi duong tron (O;R)Vél diém M cb dinh ddng thoi cat tuyén MBC thay doi thi
diém D ndm trén mot duodng tron ¢ dinh

Bai7.  Cho dudng tron (O;R) va duong thang d khong di qua O cat (O) tai hai diém A; B. Trén tia ddi
cua tia BA 1dy diém M; qua M ké hai tiép tuyén MC; MD véi dudng tron (O) ( C; D 1a cac tiép diém).
Goi H 1a trung diém cua AB.

a) Chung minh t& giac OMCH ndi tiép.

b) OM cit dudng tron (O) tai I va cit CD tai K. Ching minh OK.OM=R>

¢) Puong thiang qua O vudng goc voi OM, cit tia MC va MD lan luot tai P va Q. Tinh d6 dai OM theo R
sao cho dién tich tam giac MPQ nho nhat.

Bai8. Cho duodng tron (O,R) va duong thing d khong di qua O cét duong tron tai hai diém A, B. Lay
mot diém M trén tia dbi cua tia BA keé hai tiép tuyén MC, MD véi duong tron (C, D 14 tiép diém). Goi H
1a trung diém ctia AB.

a) Chung minh rang M, D, O, H cling nam trén mot dudng tron

b) Poan OM cit dudng tron tai . CMR I 14 tim duong tron ndi tiép tam gidc MCD.

c) buong thfmg qua O, vudéng gbéc véi OM cit cac tia MC, MD theo thur tu tai P, Q. Tim vi tri cua diém
M trén d sao cho dién tich tam gidc MPQ bé nhit.
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Hinh hoc 9 - Chuwong 9: Puong tron ngogi tiép va dwong tron ndi ticp — Tw ludn c6 1oi gidgi KNTTVCS
CHU PE 2
BAI TAP TONG HOP VE PUONG TRON

DANG 1
PUONG TRON LIEN QUAN PEN TU GIAC NOI TIEP PUONG TRON, CHUNG MINH HE
THUC, TRUNG PIEM, Ti LE CANH

Bail. Cho tam giac ABC c6 ba goc nhon, cac duong cao AE, BF va CN cit nhau tai H
(FEeBC,FeAC, N e AB).

a) Chung minh t& giac CEHF ndi tiép.

b) Kéo dai FE cét duong tron duong kinh BC tai M . Chirng minh BM = BN .

¢) Biét AH = BC' . Tinh s6 do gbc A cua tam giac ABC .

Loi giai

a) Ching minh t gisc CEHF noi tiép.

Ta co:

HF L AC(gt) = HFC = 90°

HE 1 BC(gt) = HEC = 90°

Xét tir giac CEHF' co: ]ET\C + I?E\C = 90° + 90° = 180° ma hai goc nay ddi nhau
= CEHF 1a tir giac noi tiép.

b) Kéo dai FE cat duong tron duong kinh BC tai M . Chimg minh BM = BN .

Ta co:

HN L AB(gt) = ANH = 90°
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

HF L AC (gt) = AFH = 90°

Xét ta giac AFHN c6: ANH + AFH = 90° + 90° = 180° ma hai goc nay d6i nhau
= AFHN la tir gic ndi tiép.

= NAH = NFH (2 goc ndi tiép cing chin cung HN ) (1)
Ta giac HECF 1di tiép (cmt)

—_—

= HFE = HCE (2 gobc ndi tiép cing chin cung HE). (2)
Tacé: BAE = NCB (hai goc cung phu véi ABC') = NAH = HCE 3)

L — —

Tix (1), (2), (3) suy ra NFH = HFE hay NFB = BFM .

Xét (O) co: ]@ =ﬁ4:

= sdBN = sdBM (hai gbc ndi tiép bang nhau hai cung chin bang nhau).

= BN = BM (hai cung chin bang nhau hai diy bang nhau) (dpcm).

¢) Biét AH = BC . Tinh s do goc A ctia tam giac ABC .

Xét hai tam giac vuong FAH va FBH taco:

AH = BC (gia thiét)

FAH = FBC (vi cung phu voi goc ACE)

Vay AFAH = AFBC

= FA=FB

Mat khac tam giac AFB vuong c6 FA = FB nén n6 vudng can

Vay BAC =45".

Bai2. Cho dudng tron (O) va diém A nam bén ngoai dudng tron. Tir Akeé cac tiép tuyén AM, AN véi
dudng tron (O)(M,N la cdc tiép diém). Mot duong thing di qua A cit duong tron (O) tai hai diém
P,0Osao cho Pnam giita Ava Q, diy cung PQ khong di qua tdm O. Goi /13 trung diém cta doan
PQ,J 14 giao diém cua hai duong thing 4Q va MN.Chiig minh rang :

a) Nam diém 4, M,0,1, N cting nam trén mot dudng tron va LJIM = LJIN

b) Tam gidc AMP dong dang v&i tam gidc AOM. Va AP.AQ = AI.AJ

Loi giai
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

N
a) Nam diém 4,M,0,1, N cting nam trén mot dudng tron va LJIM = ZJIN

e Namdiém 4,M,0,I,N cung nam trén mot dudng tron

Xét duong tron (0) ¢6 I 14 trung diém cua day cung PQ (diy PQ khong di qua tam O)

= 0l L POQ= ZPIO =90°= ZAIO =90°

= AAIO vuong tai [= [ thudc duong tron duong kinh AO

AM 1 tiép tuyén ciia (0)= LAMO =90° (tinh chét tiép tuyén ctia dudng tron)

= AAMO vudng tai M= M thudc duong tron duong kinh 40

Cmtt suy ra N thudc duong tron duong kinh AO

Vay 5 diém A,M,0,I,N cung nam trén mot duong tron duong kinh 40

o LJIM =ZJIN

AM , AN 14 tiép tuyén cta dudng tron (0)=> OA 1a phan giac ctia ZMON (tinh chat hai tiép tuyén cit
nhau) = ZAOM = ZAON . Tacé :

LAOM = LAIM (hai goc ndi tiép cung chan cung AM)

ZAON = ZAIN (hai goc ndi tiép cling chan cung AN)ma £LAOM = ZAON (cmt)

= LAIM = ZAIN = ZJIM = ZJIN (dfcm)

b) Tam giac AMP dong dang v6i tam gidc AOM.Va AP.AQ = AI.AJ

Xét (0) ¢6 : ZMQP = ZAMP (cling chin cung PM)= /MQA = L/AMP

Xeét AAMP va AAQM cb :

ZLMAQ chung, ZAMP = ZMQA = AAMP ~ AAQM (g.g)

AP _AM (hai c@p canh twong tng ti 18) = AP.AQ = AM* (1)
AM  AQ

Tacd: LAMN = ZAIN (cung chan cung AN)=> LAMJ = LJIN

Ma ZJIM = ZJIN(cmt) = LAMJ = ZJIM (do ZJIM = ZJIN —cmt) = LAMJ = LAIM
Xét AAMJ va AAIM c6 :

ZMAI chung, ZAMJ = LAIM(cmt) = AAMJ ~ AAIM (g.g)
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

AM AT | . 2
—> ——=——(cap canh tuong tng ti 16)= AIl.AJ = AM~(2
TR g g ti 1¢) (2)

Tu (1) va (2)= AP.AQ = Al.AJ (dfcm)

Bai3. Cho duong tron tdim O, duong kinh 4B, day CD vudng géc voi AB tai F. Goi M 1a mot
diém thudc cung nhd BC (M khac B, M khac C), hai duong thing AM va CD cit nhau tai E

a) Chimg minh t& gidic BMEF noi tiép

b) Chirng minh tia MA 1a phan giac cua goc CMD

¢) Ching minh AC? = AE.AM

d) Goi 7 1a giao diém cua hai duong thang MD va AB, N la giao diém cua hai dudng thang AM va
BC . Chirng minh tdm dudng tron ngoai tiép tam giac CEN nam trén dudng thang CI

Loi giai

a)Xét tir gidc BMEF ¢0:
BFE =90° (gt)

BFE =90° (gbc ndi tiép chin nira duong tron)

— BFE + BME =180"

L —

Ma hai goc BFE , BME nam ¢ vi tri d6i nhau nén tr gisc BMEF ndi tiép

b) Tacé AB L CD = F latrung diém cta CD (mbi lién hé giita duong kinh va day cung)
= AB la duong trung truc cua CD = sd AC =sd AD

Ta c6 AMC :%sdf va AMD :%sd;l_l;

— AMC = AMD = AM 1a phan giac cua CMD

¢) Xét AACE va AAMC co: A : chung

m:%sdﬁ va A/CB:%sd;lB :M:A/@
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

— ACE# AMC (g-g) =2 - AE 40> 4p.am
AM ~ AC

d) Trén CI lay diém H sao cho HE vudng goc v6i CD

Can ching minh tr giac CEHN ndi tiép dudng tron duong kinh CH , ta di chimg minh CNE =CHE
Ta c6: NMI = NBI (:%sdifc? j — tir gidc BMNI i tiép

— NIB + NMB =180° = NIB =90" = t& gitc ACNI ndi tiép
Ta c6: CHE = CIA (d6ng vi); CNE =CIA (cing chin cung :4?)
— CNE =CHE => tit giac CEHN ndi tiép
Ma CEH =90° = CH 1a dudng kinh
= tam dudng tron ngoai tiép tam giac CEN nam trén CI .
Bai4.  Cho hai dudng tron (O;R) va (0';7/) tiép xtic ngai tai 4 (R>r). Goi BC la tiép tuyén chung
ngoai cua hai duong tron nay (véi Be (O)Vél Ce (0')). Tiép tuyén chung tai 4 ciia hai duong tron
(O)va (0) cit doan thang BC tai M .
a) Chimg minh OM vuéng goc véi O'M .
b) Goi E 1a giao diém cia AB v6i OM va F 1a giao diém cua AC véi O'M . Chimg minh t&r gidc
OEFO' noi tiép mot dudng tron.
¢) Goi I 1a tAm duong tron ngoai tiép tir giac OEFO', K 1a trung diém cua AM . Ching minh
00 =2IK.

Loi giai

a) Chimg minh OM vuéng goc véi O'M .
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

Vi MA va MB 1a tiép tuyén cia (O) nén MO
la tia phan giac ctua AMB . Do d6 OMA = %E]\Zfl
MA va MC 1 tiép tuyén cua (O')nén MO

1a tia phan gidc cia AMC . Do d6 O'MA = %C/’M?l

Suy ta OMO' = OMA + OMA =~ BMA+ CMA) 180" =90°

—=OM LOM
b) Goi E la giao diém ciia 4B voi OM va F 1a giao diém cia AC v6i O'M . Chimg minh tir giac
OEFO' ndi tiép mot dudng tron.
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

Ta co:

MB = MA ( tinh chit cua hai tiép tuyén cét nhau)

OB =0OA(ban kinh R)

= MO 1a duong trung truc cua 4B

= MO 1 AB tai E=> MEA=90"

Tuong tu, ta c6: MFA = 90"

Xét tr gide MEAF cb: MEA= MFE = OMO = 90"

= tir giac MEAF 14 hinh chir nhat ( theo ddu hi¢u nhan biét)
— MEAF 14 tir gi4c noi tiép

= MFE = MAE

Trong tam gidc vudong AOM |, ta co MAE = OAE

Vi vy MFE = EOO

Do @6, tir gidc OEFO ndi tiép mot duong tron (goc ngoai bang goc trong cua dinh dbi dién)
¢) Goi I 1a tAm dudng tron ngoai tiép tr gidc OEFO', K 1a trung diém cia AM . Chirng minh
00 =2IK.
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

Can xac dinh tim / cta dudng tron ngoai tiép t gidc OEFO'

V& hai duong trung truc cia hai doan thing EO va FO'lan lugt cit EO va FO'tai H va J . Hai dudong
trung tryc ndy cat nhau tai /. / chinh la tim duong tron ngoai tiép tir giac OEFO .

Qua O v& dudng thang song song voi MO'. Qua O vé& duong thang song song véi MO . Hai duong thang
nay cit nhau tai N . Theo cach vé ta dugc tir giac MONO 14 hinh chit nhat (vi c6 3 goc vudng).

Suy ra OO = MN (hai dudng chéo ctia hinh chit nhat)

Chimng minh I 14 trung diém ciia AN:

Hinh thang AEON ¢6 HE = HO va HI /| EA// ON

= HI di qua trung diém ciua AN (1)

Tuong ty, ta cd JI di qua trung diém ciia AN (2)

Ma I =HINJI (3)

Tir (1), (2) va (3) = I 1a trung diém ciia AN

Xét AAMN cé IK 1a dudng trung binh cta tam gidc

:>IK=1MN
2
1 .

Bai5.  Cho nira duong tron dudng kinh AD.Lay diém B thudc nira dudng tron (B khac A va D), trén
cung BDl4y diém C (C khac B va D). Hai ddy AC, BD cit nhau tai diém E.K¢é doan thing EF vudng
goc v6i AD(F € AD)

a) Chig minh t&r gidc ABEF ndi tiép

b) Chimng minh AE.AC = AF.AD

¢) Ching minh E 1 tim dudng tron noi tiép tam giac BFC

Loi giai
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi

KNTTVCS

B

o D

a) Ching minh t&r gidc ABEF ndi tiép

B thudc (0)= LABD =90° (gbc ndi tiép chin nira dudng tron )= LABE =90°
EF 1 AD(gt) = ZAFE =90°

Xét tir gidc ABEF ¢6 /ABE + Z/AFE =90°+90° =180°ma 2 goc nay d6i nhau
= ABEF 1a t giac noi tiép

b) Ching minh AE.AC = AF.AD

Ce (O) = ZACD =90° (g6c ndi tiép chan nira dudng tron)

Xét AAFE va AACDco :
ZCAD chung, ZAFE = ZACD =90°

— AAFE ~ AACD(g.g) = % = j—i — AC.AE = AF.AD(dfem)

a) Chirng minh E 1 tim dudng tron noi tiép tam giac BFC

*Ta chung minh FEla phan gidc cua ZBFC

Xét (0): £ZBAC = ZBDC (2 gbc ndi ti€p cung chén cung BC) = ZBAE = ZEDC(1)

Tt gidc ABEF ndi tiép (cmt) nén £BAE = ZBFE (cung chén cung BE)(2)
Tt giac CDFE ¢6 Z/ECD+ Z/EFD =90°+90° = 180°ma hai goc nay dbi nhau
Nén CDFE 14 ti giac ndi tiép = LEFC = ZEDC (cung chin cung EC) (3)
Tu (1), (2), 3)= 4BFE = ZEFC = FFE la phan giac cia ZBFC

*Chtrng minh CE la phén gidc cua géc BCF

Xét (0)cé LACB = ZADB (cing chin cung AB)= ZECB = ZEDF

T gidc CDFE ndi tiép (cmt)= ZECF = ZEDF (cung chin cung EF)

Suy ra ZECB = /ZECF = CE la phan giac ZBCF

ABCF ¢6 FE,CE la hai dudng phéan giac cét nhau tai E

Nén E 1 tim dudng tron noi tiép tam giac BCF (dfem)
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

BAI TAP REN LUYEN
Bai 6. Cho tam giac ABC nhon v61 AB > AC. Cac duong cao BM ,CN cit nhau tai H.
a) Chig minh tir giac AMHN noi tiép
b) Goi D1a giao diém ciia AH va BC.Chimg minh AD 14 phan giac cia ZMDN
¢) Puong thing qua D va song song v6i MN cit AB,CN lan luot tai /,J.Ching minh D 1 trung diém

IJ
Loi gii
A
N,
B D
J

a) Chiéng minh ti giac AMHN ndi tiép

HM 1 AC
Ta co = /HMA = ZHNA =90°

HN 1 4B

= /HMA+ ZHNA =90°+90° =180°, ma 2 goc ndy la hai goc d6i nhau nén tir gidac AMHN la tir gidc ndi
tiép

b) Goi DIa giao diém ciia 4H va BC.Ching minh AD 1a phén giac cia ZMDN

Tuong tu cau a, ta co

ZHMC = ZHDM =90° = HDCM 1a t giac ndi tiép

= /HDM = /HCM (cing chin cun HM)

ZHDB = ZHNB =90° = HDBN la tir gi4c noi tiép

= /NDH = ZNBH (cung chan cung HN)

Ma ZHCM = ZNBH (cung phu v6i ZBAC)

= LHDM = ZHDN = AD la phan giac cuia ZMDN (dfcm)

¢) Puong thing qua D va song song v6i MN cit 4B, CN lan lwot tai /,J. Chirng minh D 1a trung
diém 1J

Taco:

T giac AMHN ndi tiép (cmt)= LHNM = ZHAM (cing chian cung HM)

Ma ZHAM = ZHBD (cung phu véi ZACB)

Tt gidc HDBN ndi tiép (cmt) = ZHBD = ZHND (cung chén cung HD)

= ZHNM = ZHND

Ta lai co IJ //MN(gt) = LHNM = /HJI = ZHJD (hai gbc so le trong bang nhau)
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

= ZHND = ZHJD => ADNJ cén tai D nén DN = DJ (1)

Vi ZHND = ZHJD(cmt) = 90° — ZHND = 90° — ZHJD = /DNI = ZNID

Suy ra ANID can tai D= DN = DI (2)

Tir (1) va (2) suy ra DI = DJ(=DN)

Vay D 1a trung diém J (dfem)

Bai7. Cho duodng tron (O). Tir mot diém M . ¢ ngoai duong tron (O), ké hai tiép tuyén MA, MB
voi duong tron (O)(A, B 14 hai tiép diém).

a) Chimg minh MAOB 1a tir giac ndi tiép.

b) V& duong kinh BK cua duong tron (O), H 1a diém trén BK sao cho AH vuéng goc BK . Piém [
1a giao diém cua AH, MK . Chiémg minh I 1a trung diém ctia HA .

Loi giai

a) Chitng minh MAOB la tir gidc ngi tiép.

Vi MA, MB la cac tiép tuyén ctia (O) lan luot tai A, B nén m = m =90° (dinh nghia).

Tk giac MAOB ¢6 MAO + MBO =180°.

Suy ra t giac MAOB noi tiép (tir gidc c6 tong hai goc ddi bang bang 180°).

b) Vé dwong kinh BK ciia dwong tron (O), H la diém trén BK sao cho AH vuéng géc BK. Diém
I la giao diém cia AH,MK. Chirng minh I la trung diém ciia HA .

Goi N 1a giao diém cua AB véi MO .

C la giao diém giita MK véi duong tron (O)

Ta c6: OA =0OB = O thudc trung truc cia AB.

Ta giac MCNB ¢6 MCB = MNB =90°. Suy ra t giac MCNB noi tiép (t giac c6 hai dinh ké cung

nhin mot canh dudi cac goc bang nhau).
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

= Z\/U\E = I\/IC\B (hai goc cung chin mot cung BN )

Ta co: 1@ = I\/IEI) (cung phu véi Z\ﬁ )

— NCB = NBO.

Lai c6: NCB+NCI =90°, NAI + NBO =90°

Suy ra I\/IC\I = I\/DZI .

Xét tor giac ACNI co: I@ = IVA\I(Cmt) , suy ra tir giaic ACNI noi tiép (ttr giac c6 2 dinh ké cing

nhin mot canh dudi cac goc bang nhau).

= ANI = ZEI (hai géc cling chin cung Al ).

Trong (O) co: ZEI = @( (hai goc noi tiép cung chan cung AK )

Suy ra ANI = ABK . Ma hai goc nay vi tri dong vi = NI/ /BK
NI //BK

Tam giac ABK c6: 1
NA=NB= EAB

Suy ra I 1a trung diém cia AH = IA = IH (dinh li dudng trung binh ctia tam giac) (dpem).

Bai8.  Cho nira duong tron (O) duong kinh AB . V& tia tiép tuyén Ax cung phia v6i nira duong tron
duong kinh AB . Lay mot diém M trén tia Ax(M # A). Vé tiép tuyén MC véi nira duong tron (O) (
C latiép diém). V& AC cat OM tai E, V& MB cat nira duong tron (O) tai D(D # B).

a) Chig minh : Tir giic AMDE ndi tiép trong mot duong tron.

b) Chimg minh: MA*> = MD-MB.

¢) Vé CH vuong goc véi AB(H € AB). Ching minh rang MB di qua trung diém cta doan thang
CH.

Loi gidi
x
r
D P
"'h
E
-
A ] H B

a) Chieng minh: Tir gidc AMDE ngi tiép trong mét dwong tron.
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
Ta c6: OA =0OC = O thudc trung truc cia AC.

MA = MC (tinh chét 2 tiép tuyén cat nhau) = M thudc trung truc cia AC .

= OM 1la trung truc cuia AC = OM L AC tai E= AEM =90°.

Taco ADB =90° (goc ndi tiép chan nira dudng tron) = ADM =90°.

Xét tir giac AMDE ¢6 AEM = ADM =90°(cmt) = AMDE 1a t gidc ndi tiép duong tron dudng
kinh

AM (t&r giac ¢6 2 dinh ké cing nhin AM  dudi mot goc 900) :

b) Chitng minh MA* = MD, MB.

Xét AMAD va AMBA ¢o:

X\MB chung;

MDA = MAB = 90°

— AMAD ~ AMBA(g.g) = M4 _ MB 5 anh twong tmg ) = MA? = MD.MB.
MD MA

¢) Vé CH vuong géc véi AB(H € AB). Chirng minh ring MB di qua trung diém ciia dogn thing
CH.
Goi MBNCH ={N}.

L —

Vi AEDM 1a tir giac noi tiép (cmt) nén DEC = AMD (gbc ngoai va goc trong tai dinh d6i dién cia tir

giac noi tiep).

Ma AMD = @3 (cung phu véi ]\m ) nén 5&: = @3 (1).

— BNH+NBH=90° — — — —
Tac6 DNC = BNH (déidinh), ma { — BNH = DAB => DNC = DAB (2).

DAB+ NBH =90°
Tu (1) va (2) = DEC = DNC.
= DENC la tir giac noi tiép (tr giac c6 2 dinh ké ciing nhin mét canh dudi cac goc bang nhau).

= DNE = DCE (2 géc ndi tiép cung chan cung DE).

Ma [TC\E = [7(:74 = DBA (2 gbc ndi tiép cing chan cung DA ).

= ITN\E = 51371 . Ma 2 gbc ndy nam & vi tri 2 goc dong vinén EN //AB hay EN / /AH.

Lai c6: E 1a trung diém cua AC (do OM 1a trung truc cia AC,OM N AC ={E}).

= N 1a trung diém cua CH (dinh li dudng trung binh trong tam giac ACH ).

Vay MB diqua N 1a trung diém cia CH (dpcm).

Bai9. Cho tam gidc ABC vudng tai 4 (AB < AC) ndi tiép trong dudng tron tim O. Dung dudng

thang d qua A song song BC, duong thing d' qua C song song BA, goi D 1a giao diém cta d va
Trang 13




Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

d'.Dung AE vudng géc BD (E nam trén BD), F la giao diém ctua BD véi dudng tron (O). Ching
minh:

a) Ta giac AECD ndi tiép duoc trong dudng tron.

b) AOF = 2CAE

¢) T giac AECF 14 hinh binh hanh.

d) DF-DB =2AB’.

a)tacod BAC =90° (goc ndi tiép chan nira dudng tron)

T gidc ABCD 1a hinh binh hanh = AB//CD nén ACD = BAC = 90° (hai goc so le trong)

Suy ra AED = ACD =90° = E;C clng nhin AD dusi géc 90° do d6 tit gide AECD néi tiép.

b) tir gidc AECDndi tiép = CAE = CDE (2 gbc ndi tiép chan cung EC)

AB//CD = CDE = ABD (so le trong)

= CAE = ABD

Ma ABDla gbc O tam; AOF 14 goc noi tiép chan cung AF = AOF =2.4BD hay AOF =2.CAE
c) Tacod BFC =90° (goc ndi tiép chin nira dudng tron) = AE//CF (cung vudng goc v6i BD)
Lai c6 AFB = ACB=CAD = FEC = AF/IEC

Do d6 tr gidc AECF 1a hinh binh hanh.

d) Goi giao diém ctia AC va BDIa I, do tir giac ABCD 1a hinh binh hanh nén
IA=1IC;IB=1D;AB=CD

Xét tam gidc DCI vuodng tai C cd CF 1a dudong cao nén CD* = DF.DI = AB* = DF.DI
= 2A4B* =2.DF.DI ma 2DI = BDdo d6 2AB* = DF.BD.
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
Bai 10. Cho dudng tron (O;R)va day MN c6 dinh (MN <2R). Ké duong kinh 4B vudng géc véi day

MN tai E. Lay diém C thugc ddy MN (C khac M,N,E). Dudng thing BC cit duong tron (O;R)tai
diém K (K khac B)

a) Chimg minh AKCE la tir giac noi tiép

b) Chirng minh BM* = BK.BC

¢) Goi I 1a giao diém cua hai duong thing AK, MN; D la giao diém cua hai duong thang AC va
BI.Chung minh diém C cach déu ba canh cta tam giac DEK

Loi giai

1) Chimg minh AKCE la tir gidc ndi tiép

Ta c6 : ZAKE =90° (goc ndi tiép chin nira dudng tron )= LAKC =90°
AB 1 MN tai E nén ZAEC =90°

Xét tir gidc AKCE c6 LAKC + ZAEC =90°+90° =180° ma hai goc nay ddi nhau nén
AKCE 1a tir giac noi tiép

2) Ching minh BM* = BK.BC

Tacd AB L MN nén B la diém chinh giita cung MN = sd BM =sd BN
= ZBMN = ZMKB (2 gbc ndi tiép chin hai cung bang nhau)

= 4BMC = ZBKM

Xét ABCM va ABMK ¢6 :

ZMBK chung, /BMC = ZBKM (cmt) = ABCM ~ ABMK (g.g)

o BC _BM g - BC.BK (dfcm)
BM  BK

3) Goi I la giao diém ciia hai dudng thang 4K, MN; D 1a giao diém clia hai dudng thang AC va
BI.Chting minh diém C céch déu ba canh cua tam gidc DEK
Tam giac ABI c6 BK L Al (do ZAKB =90°),IE 1 AB(do AB L. MN)

= BK, IE 1a hai duong cao cua AABI = Cla truc tam AABI = AD la dudng cao cua tam giac
ABI = AD 1 IB= ZADB =90°
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

Ma AB la dudng kinh cta dudng tron (O) = D e(0)

Xét (0)co:

Z/ADK = ZABK (hai goc ndi tiép cing chin cung AK)

ZDKB = /DAB (hai goc ndi tiép cing chin cung BD)

Tt gidc AKCE ndi tiép (cmt) = LCKE = ZCAE (hai goc ndi tiép cung chin cung CE)

= /BKE = /DAB = /DKB = /DAB

= KB a tia phan giac cua ZDKE

Ta giac BDCE ¢6: ZBDC + ZCEB =90°+90° = 180°ma hai goc nay ddi nhau

= BDCE la tir gic ndi tiép

= /CDE = ZCBE (cung chan cung CE) = ZADE = ZABK = /ADK = ZADE

= DA la tia phan giac cua LZEDK

Tam giac DEK c6 :

KB la tia phan giac cia ZDKE, DAla tia phan giac cua LZEDK

Ma C 1a giao diém ctia KB, DA = C la tim duodng tron ndi tiép ADEK

Vay C cach déu ba canh cta tam giac DEK

Bai 11. Cho tam gidc nhon ABC c6 AB < AC va ndi tiép dudng tron (O) . Goi H la chan duong cao ha
tir dinh A4 cua tam giac ABC va E 13 hinh chiéu vudng goc cua diém B 1én duong thing 40
a) Chimg minh AEHB 1 tr giac noi tiép

b) Chting minh dudng thing HE vudng goc voi duong thang AC

¢) Goi M la trung diém ctia canh BC.Tinh ti sb %

Loi giai

a) Chung minh AEHB 1a tlr gidc ndi tiép
Ta co :

AH 1 BC = ZAHB =90°, AE 1 BE = ZAEB =90°
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

Ta gidc AEHB cb6 ZAHB = ZAEB = 90° cung nhin canh AB dudi 1 goc khong do6i

= AEHB 1a tir giac noi tiép

b) Chimg minh dudng thing HE vudng goc véi duong thang AC

Kéo dai AO cit dudng tron (0) tai K khi d6 4K la duong kinh cua duong tron tdm O, ta c6 C thudc
duong tron (0)= ZACK =90° (goc ndi tiép chan nira duong tron)

=CK 1 AC

Tir gidc AEHB 1oi tiép (cmt)= LEHC = £BAE (hai goc cung bu véi ZBHE)

= LFEHC = ZBAK

Xét (0) ¢6 : Z/BAK = /BCK (hai gbc ndi tiép cung chin cung BK)

= /EHC = ZBCK ma hai goc nay & vi tri so le trong = HE //CK

) {CK 1 AC(cmt)
Ta cé

= HE 1 AC(dfcm)
CK //HE

c) Goi M la trung diém cua canh BC.Tinh ti $b %

Goi N 1a trung diém cia 4B

Ta cé N la tim dudng tron ngoai tiép tir giac ABHE = NE = NH (1)
Tam giac ABCc6: M, N lan luot 1a trung diém BC, AB

Suy ra MN la duong trung binh cia tam giac ABC = MN //AC

Ma HE 1 AC(cmt)= MN L HE(2)

Tu (1) va (2) = MN la duong trung truc cua HE = MH = ME :% =1

Bai 12. Cho tam giac ABC c6 ba goc nhon va 4B < AC.Vé cac duong cao AD, BE,CF cua tam giac
d6. Goi H la giao diém cua cac dudng cao vira v&

a) Chirng minh rang cac tir gidc AEHF va BFEC noi tiép

b) Goi M, N lan luot 1a trung diém cta cac doan thing AH, BC.Chig minh ring FM.FC = FN.FA
¢) Goi P,Q lan luot 1a chan cac dudng vudng goc ké tir M, N dén duong thang DF.Chimg minh rang
duong tron duong kinh PQdi qua giao diém cia FE, MN

Loi gidi
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

a) Chung minh ring cac t gidc AEHF va BFEC ndi tiép

Ta c6 ZAFH =90°(do CF L AB); ZAEH =90°(BE L AC)

Suy ra ZAFH + ZAEH =180° ma hai goc nay ddi nhau nén AEHF 1a tir giac ndi tiép

b) Goi M,N lan luot 1a trung diém cua cac doan thfmg AH, BC.Chtirng minh réng FM.FC=FN.FA
Tam gidc BFC vudng tai F ta c6: FN 1a duong trung tuyén tng v6i canh huyén BC

= PN =22(1)

Tam gidc BEC vudng tai E ta cd EN la dudng trung tuyén g voi canh huyén BC

:EN:%BC(z)

Tu (1) va (2) suy ra FN = EN (*)
AAHF vudng tai F ¢6 FM la duong trung tuyén tng véi canh huyén AH

:FM:%AH(S)

AAEH vuong tai E c6 EM 1a dudng trung tuyén tng véi canh huyén AH = EM = %AH (4)

Tu (3) va(4) suy ra FM = ME (**)

Tu (*) va (**) ta co MN la duong trung truc EF

Goi G 1a giao diém cta MN, EF

Tam gidc FME c6 MG la dudng cao ddng thoi 1a duong trung tuyén
= AFME can tai M c6 MG 1a phan gidc = ZFMG = %AFME(S)
Xét duong tron ngoai tiép tir gidc FAEH c6 :

LFAE = %ZFME (g6c ndi tiép bang nira goc ¢ tAm chin cung EF) (6)
Tu (5) va (6) suy ra LFAE = Z/FMK hay Z/FAC = ZFMN

Taco FM =MH(=%AHJ:> AFMH can tai M
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

= /MFH = /MHF = Z/DHC (vi ZMHF = Z/DHC 14 hai gbc d6i dinh)

Taco: FN:NC(:%BCJS AFNC can tai N=> ZNFC = ZNCF

Ma ZDHC + ZNCF = 90°(ADHN vuong tai D)

Suy ra ZMFH + ZNFC = ZMFN =90°
Xét AFMN va AFAC co:
ZMFN = ZAFC =90°, LFAC = ZFMN (cmt)

FM _FA

— AFMN ~ AFAC = = FM.FC = FN.FA(dfem)

¢) Goi P,Q lan luot 1a chan cac dudng vudng goc ké tir M, N dén duong thang DF.Chimg minh rang
duong tron duong kinh PO di qua giao diém cia FE, MN

Vi MN L EF tai G nén ZMGF =90°

Taco MP L PQtai P nén ZMPF =90°

Tt gidc MPFG c6 : ZMGF + ZMPF =90°+90° =180°ma hai goc nay ddi nhau

= MPFG 1a ttr giac ni tiép = ZMGP = /MFP (cting nhin canh MP)

Vi MN 1L EF tai G= ZFGN =90°

Taco NQO L POtai Q= ZNQF =90°

Ta giac NOFGco :

ZFGN + ZNQF =90°+90° = 180° ma hai goc nay d6i nhau nén NOFG 1 tir giac ndi tiép

= /OGN = ZQFN (hai gbc ndi tiép ciing chan cung QN)

= LMGP+ ZQGN = ZMFP+ LQFN

Ma ZMFN =90° = ZMFP + ZQFN =90°

= LMFP+ ZQGN =90° = ZPGQ =90°

Duong tron duong kinh PQ c6 ZPGQ =90° = G edudng tron dudng kinh PQ.

Bai 13. Cho tam gidc déu 4BCndi tiép duong tron (0), diém D thude cung nho 4B (D khéc A va B).
Céc tiép tuyén véi dudng tron (O)tai B va C cit AD theo thtr tu tai E va G.Goi I 1a giao diém cua
CEva BG

a) Chung minh rang AEBC ~ ABCG

b) Tinh s6 do goc BIC. T d6, hdy ching minh ti giac BIDE ndi tiép

¢) Goi K la giao diém cta DI va BC.Chung minh rang BK* = KI.KD

Loi giai

Trang 19



Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

G

a) Chung minh ring AEBC ~ ABCG

Goi tiép tuyén tai B,C cua (O) cit nhau tai P.

ZEBC =180°—-£PBC =180°— ZPCB = ZGCB

Goi dudng tron ngoai tiép tam giac DEB cit dudng tron ngoai tiép tam gidac GCDtai I'khac D. Ta c6
ZDI'B=180°- 4ZDEBva £DI'C =180°- 2ZDGC

Chu y rang ZBPC =180° - ZBOC =180° —120° = 60°

Do d6 «BI'C =120°. Laico:

ZBDE = Z/EI' B = 60° (do tir giac DACB noi tiép va EDI'Bnoi tiép) dan dén :

E. I, Cthéng hang. Tuong ty G,I',B théng hang, dan dén I=1"

Do d6 thu dugc /BIC = ZEBC = /GBC dan dén cac tam giac EBC;BIC va BCG dong dang véi nhau.
b) Tinh sb do goc BIC.Tir d6, hidy chimg minh ti giac BIDE ndi tiép

Tir céu a) ta da chira ZBIC =120°va BIDE noi tiép

¢) Goi K la giao diém ciia DI va BC.Chimg minh rang BK* = KI.KD

Tacod: ZCIB=/KIB=/BEI = Z/IDB dan dén tam giac KIB dong dang v6i tam gidc KBD

KI KB
:>_—_

= — BK* = KI.KD
KB KD
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Hinh hoc 9 - Chuwong 9: Puong tron ngogi tiép va dwong tron ndi ticp — Tw ludn c6 1oi gidgi KNTTVCS

DANG 2
PUONG TRON LIEN QUAN PEN BA PIEM THANG HANG, BA PUONG THANG PONG

QUY

Bai 1. Cho tam gidc 4BC vudng tai A ndi tiép duong tron tim O. Ké duong kinh AD. Tiép tuyén cua
dudng tron (O) tai D cét cac duong thang 4B, AClan luot tai E va F

a) Chirng minh hai tam gidc 4ABC va AFE dong dang v6i nhau

b) Goi 7 1a trung diém cua EF va K 13 hinh chiéu vudng goc ctia A trén canh BC. Chting minh ba diém
A, K, I thang hang

Loi giai

E

a) Ching minh hai tam gidc 4ABC va AFE dong dang v6i nhau
EF 1a tiép tuyén cua (O) tai D nén AD 1 EF tai D
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

Tam giac ADF vuong tai D nén LAFD + ZFAD =90°

Ma LFAD+ Z0OAB = ZBAC =90° = ZAFD = ZOAB

Tam giac OAB c6 OA = OB = AOAB can tai 0= LOAB = Z0OBA (hai goc ¢ day)

= LAFD = ZOBAhay ZAFE = ZABC

Xét AABCva AAFE c6 :

LEAF chung, ZABC = LZAFE(cmt) = AABC -~ AAFE(g.g)(dfcm)

b) Goi [ 1a trung diém ctia EF va K 1a hinh chiéu vudng goc ctia A trén canh BC . Chig minh ba diém
A,K,I thing hang

Xét tam giac vudng AEF c¢6 Al 1a trung tuyén tmg voi canh huyén EF

= Al = %EF = [E = IF (duong trung tuyén bang nira canh huyén)

= AIAE cantai |l = ZIAE = ZIEA = ZAEF

Ma AABC -~ AAFE(cmt) = ZAEF = ZACB (hai goc tuong ung)

= LIAE = ZACB

Lai c6 LACB = ZKAB (cung phu v6i LABC) = ZIAE = ZKBA

Vay 4,K,I thang hang (dpcm)

Bai2.  Cho tam gidc ABC c¢6 ba goc nhon, AB < AC va ndi tiép duong tron (0).Goi BE, CF 1a cac
duong cao va H 14 tryc tAm ctia tam giac 4BC

a) Chung minh t& giac AEHF 14 tir giac ndi tiép.

b) Dudng tron ngoai tiép twr gidc AEHF cat duong tron (O) tai diém thir hai / (A4 khong tring voi 1)

Chtrng minh hai tam giac /BC va IFE d6ng dang v6i nhau.
¢) Hai duong thing BC va EF cit nhau tai K. Chimg minh ba diém A4, 7, K thing hang.

Loi giai

a) Xét tw giac AEHF | ta co: AFH =90° (Vi CF la duong cao cua tam giac ABC)

AEH =90° (Vi BE la duong cao ctia tam giac ABC)
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

pods AFH + AEH =90°+90° = 180°
Vay tir giac AEHF 13 tir giac ndi tiép .
b) Xét tir giac AEHF | ta co: IEF = IAF (cung chin IF )
IAF = IBC (cung chin IB )
Do d6 IEF = IBC
Tuong tu, FIE = FAE (cung chin EF )
FAE = BIC (cing chin BC )
Do do FIE = BIC
Xét AIBC vy AIFE ta co: ﬁ:@(cmt)
FIE = BIC (cmt)
Do do AIBCUDAIFE(g—g)
©)
Tt gidic IAEF ngi tiép = IFK = IAE
T giac 1ABC noi tiép = IBK = IAE
Suy ra IFK = IBK
Suy ra t&r giac IFBK ndi tiép (co6 hai dinh B, F ké cung nhin canh /K dudi mot goc bang nhau).
Vay KIF + KBF =180°, ma KBF = FEC = FIA

— KIF + FIA =180° hay ba diém 4, 7, K thiang hang.

BAI TAP REN LUYEN
Bai 3.  Cho tam gidc ABC vudng tai C (AC < BC), duong cao CK va duong phéan giac BD
(K € AB, D € AC). Qua D ké dudng thang vudng goc véi AC cét CK, AB lan luot tai H va L.
a) Chirng minh tir gidc CDKI noi tiép.
b) Chirng minh AC.AD = DH.AB.
¢) Goi F 1a trung diém ctua AD. Pudng tron tdm I ban kinh ID cit BC tai M ( M khac B) va cit AM tai N
(N khac M). Chimg minh B, N, F thang hang.

Loi giai
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

C

A° iy °B

a) Ta c6 : CDI =90 (gt)
CKI =90° (gt)
— CDI = CKI
Vay tir giac CDKI ndi tiép.
AD _AB _ AD _DC
DC BC AB BC

b) Ta c6: BD la phan gidc ctua tam gidc ABC (gt) = (1)

Xét ADCH va ACBA c6:
CDH = BCA (=90°)

DCH = CBA (cung phu Z;l\C)
= ADCH ~ ACBA (g-g)

_,DH _DC )
AC BC
Tu (1), (2) :>£=£:>AC.AD=AB.DH
AC B

c)

c

M
D
F
47 0 I B

Goi F’ 1a giao diém cua BN v6i AD, Q 1a giao diém cta AB véi (I).
Ta c6: ID // BC (cung vudng goéc véoi AC) = IDB = DBC

Ma DBI = DBC (gt)
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi

KNTTVCS

= IDB = DBI

= AIDBcantail = IB=ID= Be(l)

= tir giac BMNQ noi tiép

= NBQ = NMQ

Ta co: Q/J\Zi =90 (goc ndi tiép chan nira duong tron)
= 0OM 1 BC

= QM // AC (cung vuong goéc véi BC)

= ZW\Q = MAD (so le trong)

— NAF'=F'BA

Xét AF'AN va AF'BA co:

NAF'=F'BA (c/m trén)

BF'A chung

= AF'AN ~ AF'BA (g-g)

:M=M:>F'A2=F'B.F'N (3)
F'B F'A

Ta lai c6: DA L ID (gt) nén DA 1a tiép tuyén cua (I) = F'DN = NBD
Xét AF'DN va AF'BD co:

F'DN = NBD (c/m trén)

BF'D chung

= AF'DN ~ AF'BD (g-g)

?—:lg:i:—g:F'DzzF'B.F'N 4)
T (3), (4) = F'4*=F'D* = F’A=F’D Hay F’ 1 trung diém cua AD
Do d6 F’ trung v6i F
Vay F, N, B thang hang
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DANG 3

PUONG TRON LIEN QUAN DPEN TIEP TUYEN, VUONG GOC, SONG SONG

Bai1. Cho duong tron (O) duong kinh 4B . Day cung MN vudng goc voi AB, (AM < BM ). Hai
duong thang BM va NA cit nhau tai K. Goi H 1a chan duong vudng goc ké tir K dén duong thing
AB.

a) Chimg minh tir gidc AHKM ndi tiép trong mot dudng tron.

b) Chirng minh rang NB.HK = AN . HB .

c) Chimg minh HM 1a tiép tuyén cua dudng tron (O).

Loi giai
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

K o

N

a) Chirng minh ti giac AHKM ndi tiép trong mot dwong tron.
+) Ta gidgc AHKM c¢6: AHM =90° (vi KH 1 AB)
va AMB =90° (goc noi tiép chén nira duong tron) = AMK = 90° (k& bu véi AMB)
Suy ra tir gihc AHKM noi tiép duong tron dudng kinh 4K .
b) Chirng minh rang: NB.HK = AN . HB .
Xét AANB va AKHB cé:
+) ANB = 90° (g6c ndi tiép chan nira dudng tron) = ANB = KHB = 90° ;
+) Puong kinh 4B L MN = A la diém chinh giira MN (quan hé vuong goc gitta duong kinh va day)
— AN = AM = ABN = KBH (hai goc noi tiép chan hai cung bang nhau);
Suy ra AANB » AKHB (g.g)
_ AN _KH

NB HB
= NB.HK = AN .HB.
¢) Chimg minh HM 1a tiép tuyén ciia dwong tron (O).

Ko

N
+) Taco HM giao voi duong tron (O) tai M , ta phai chimg minh HM L OM . That vay:
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Tar gidc AHKM noi tiép = HMK = HAK (hai goc ndi tiép cling chian HK );

HAK = NAB (hai goc dbi dinh);
NAB = MAB (AB L MN = B 14 diém chinh giita MN , hai goc ndi tiép chin hai cung bing nhau);
MAB = OMA (AOAM can tai O);

— — N —— —

— HMK = (71@1(: HAK = NAB = MAB) — HMK + HMA = OMA + HMA ;

Ma HMK + HMA = AMK = 90° (ké bu véi AMB =90° , g6¢ noi tiép chan nira dudng tron);

= OMA + HMA = 90° = HMO = 90° = HM 1 OM tai M &(O)

= HM 1a tiép tuyén cua (O).

Bai2. Cho tam gidc nhon ABCnéi tiép duong tron (O). Hai dudng cao BE,CF cét nhau tai
H(E € AC,F € AB) . Chting minh rang :

)Tt gidc BCEF ndi tiép duong tron

b) AE.BC = EF.AB

¢) OA L EF

a) Tu giac BCEF ndi tiép duong tron

Ta giac BCEF ¢6 /BEC = ZBFC = 90°(do BE 1 AC,CF L AB)

Ma 2 gbc nay cung nhin canh BC = tir giac BCEF ndi tiép dudng tron
b) AE.BC=EF.AB

Tir giac BCEF ndi tiép nén LFBC = ZAEF (cung bu v6i LFEC)

Xeét AAEF va AABCc6 : £LBAC chung, ZFBC = ZAEF (cmt)

— AAEF ~ AABC(g.g) = % = % — AE.BC = EF.AB(dfem)

c) OALEF
Ké tiép tuyén Ax di qua diém A cta duong tron (0) = Ax 1 OA (1)

T giac BCEF ndi tiép = LAFE = ZACB (gbc trong va goc ngoai tai dinh ddi dién)
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Ma £xAB = ZACB (cung chan cung AB)= ZAFE = /xAB, ma 2 goc nay & vi tri so le trong) nén

Ax//EF(2)

Tu (1) va (2) = 04 L EF(dpcm)

Bai3. Cho tam giac ABC c6 ba goc nhon ndi tiép dudng tron (0), (AB < AC). Goi D 1a diém trén cung
nho BC sao cho DB < DC. Tu D ké DE vudng goc v6i BC ( E thude BC), ké DF vudng goc voi AC (F
thuc 4C). Puong thang EF cit tia AB tai K.

a) Chung minh tr gidc CDEF va DFE = DAB.

b) Chirng minh tir gidc DKBE ndi tiép va DB.DF = DA. DE.

¢) Goi 7, J 1an luot 13 trung diém cta AB va EF. Chimg minh 1J vudng goc véi DJ.

Loi giai

a) Chimg minh & giac CDEF va DFE = DAB .
Xét tu giac CDEF co:
+) DEC =90° ( DE vubng goc véi BC tai E)

+) DFC =90 ( DF vubng goc véi AC tai F)
= T giac CDEF ndi tiép duong tron dudng kinh DC (2 dinh E va F cung nhin canh DC duéi 1 goc

vudng)

:lﬁ:lﬁ:%sdﬁi

—_ — e~ 1 —
Ma DCE = DCB = DAB = ESd BD trong duong tron (O).

Do do: EI-*“\E = 5@ .
b) Chiing minh tir giac DKBE ndi tiép va DB.DF = DA. DE.

Ta co: KED = DCF (goc ngoai bang goc ddi trong ciia tir gisc CDEF ndi tiép)
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DCF = DCA = @( gdc ngoai bang goc ddi trong ddi véi tir giac ABDC ndi tiép dudng tron (0)).

Do d6: KBD = KED = DCA khéng dbi.

Suy ra tir giac DKBE ndi tiép (2 dinh B, E clng phia ddi véi canh KD va cting nhin canh KD duéi 1 goc
khong d6i)

Ta c6: EDF = ECF = sd EF = BCA
—_— —_— 1 —_
Va BCA=BDA= ESd B4 trong duong tron (O)

Suy ra l?l-)jél = Eli“ .
Xét ADBA va ADEF cé:
+) DAB = DFE (chung minh trén)
+) BDA=EDF (chtrng minh trén)
ADBA [] ADEF (gbc - goc)
DB DA BA
DE DF EF
= DB.DF = DA.DE (diéu phai chimg minh)

*)

¢) Goi 7, J lan luot 14 trung diém ctia AB va EF. Chirng minh J vudng goc véi DJ.

Ttr (*) va 7, J 1an luot 1a trung diém cta AB, EF nén ta co:
DB _BA _2IB _IB
DE EF 2JE JE

Xeét ADBI va ADEJ taco:

+)DBI = DEJ (ADBA [] ADEF chimg minh trén)

DB IB
+) — =— (. chiing minh trén)
DE JE

= ADBI [] ADEJ (canh — gbc — canh)
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— DIB=DJE = KID = KJD = gbc khong doi.

= Tt giac IKDJ noi tiép (2 dinh 1, J ciing phia voi canh KD va cing nhin canh KD dudi 1 goc khong
)

= IKD +1JD=180".

Ma tir giac DKBE ndi tiép nén IKD = BKD =180° - BED = 90"

Do dé: 1JD vuong hay J vudng goc voi DJ.

Bai4.  Cho duong tron (O) , duong kinh AB, ban kinh OC vudng goc voi AB.Goi H 1a trung diém cta
doan thdng BC.Dudng thing AH cat OC tai D va cit duong tron (O) tai diém tht hai 1a K (K khéc A)
a) Chirmg minh tir gidc ODKB noi tiép mot dudng tron

b) Tia phan giac ctia goc COK cit AK tai M. Ching minh £CMA = 90°

c) Puong thing OM cét BC tai N, NK cdt duong tron (O) tai diém tht hai la P (P khac K). Chimg minh

B d6i xtng voi P qua M

Loi gidi

a) Ching minh tir gidc ODKBnoi tiép mot dudng tron

Xét (0) co: K thude dudng tron nén ZAKB =90° (goc ndi tiép chin nira duong
tron) = ZDKB =90° = ABDK vuong tai K

= K thudc duong tron duong kinh BD(1)

Taco OC 1 ABtai O (gt)= £LBOC =90° = ZBOD =90° = AOBD vuodng tai O
= O thudc duong tron duong kinh BD(2)

Tur (1) va (2) = O, K thudc duong tron duong kinh BD

Vay tir giac ODKBndi tiép mot dudng tron

b) Tia phén giac ctia goc COK cat AK tai M. Ching minh ~CMA = 90°
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Xét tam gidc COK ¢c6 OC = OK = ACOK can tai O

= ZL0CK = ZCKO

Lai c6 ON la phén giac ciia goc COK (gt)

— ON ddng thoi 1a duong trung binh cua

Ma M € ON = CM = MK (tinh chat dudng trung truc)

= ACMK can tait M= ZMCK = L/CKM

Tacod:

Z0OCK = ZCKO(cmt)

= Z0OCM + LCMK = ZOKM + ZMKC

= LOCM = LOKM (do ZMCK = ZCKM (cmt))

= ZOCM = ZDKO(3)

T giac DKBO ndi tiép duong tron = £DKO = /DBO (2 gbc ndi tiép ciing chan cung OD) (4)
T (3) va (4) suy ra ZOCM = ZDBO

Tam giac ABDc6 :

DO 1a duong cao (do OC vudng goc voi AB tai O)

DO 1a dudng trung tuyén (do O 1a tim duong tron duong kinh AB nén O 14 trung diém ciia AB)
= AABD céan tai D= ZDAO= ZDBO = ZMAO = ZDBO

Ma ZOCM = ZDBO(cmt) = LMAO = ZOCM

Xét tir gidc AOMC cd: ZMAO = ZOCM ma hai goc nay c6 dinh ké nhau cing chan cung
AC= AOMC la tlr giac noi tiép

= LAOC = LAMC

Ma ZA0C =90° (do AB vudng goc véi CO tai O)

= ZAMC = 90°(dfcm)

c) Puong thing OM cét BC tai N, NK cét duong tron (O) tai diém tht hai la P (P khac K). Chimg minh
B dbi xtmg voi P qua M

Ap dung hé thirc lugng trong tam giac vuong AHC c6 :

HM _HB

HM HA=HC*=HB’=>—="
HB HA

HM HB
Xét AHBM va AHAB ¢6 : ZAHB chung, Ty = ﬁ(cmt) = AHBM -~ AHAB(c.g.c)

= /HAB = ZHBM (hai goc tuong ung)

Ma ZHAB = ZKPB (hai goc ndi tiép cing chin cung KB)
= /KBP = Z/HBM hay Z/NPB = /NBP

— ANBP cén tai N (tam giac c6 hai goc & day bang nhau
= NB= NP
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Xét AONBva AONPco :

OB = OP(=R),ON chung, NB = NP(cmt)

= AONB = AONP(c.c.c)

= /NOB = ZNOP (hai gbc tuong Gng)

= ON la phan giac cua Z/BOP

= OM la phan giac cia ZBOP

Xét tam gidc OBP c6: OB = OP = R , nén AOBP can tai O= phén giac OM ddng thoi 1a duong trung
tuyén=> M la trung diém ciia BP

Vay B d6i xtng voi P qua M (dpem)

BAI TAP REN LUYEN
Bai5. Cho tam giac ABC' c¢6 ba goc déu nhon. Céc duong cao AK, BE va CF cat nhau tai H . Goi
I 1a trung diém cta doan AH, N la trung diém cta doan BC' .
a) Chung minh bon diém A, E, H, F nam trén cung mot duong tron.
b) Ching minh NE 1a tiép tuyén cua duong tron dudng kinh AH .
¢) Chimg minh CI* — IE* = CK.CB.

Loi giai

- C

a) Chung minh bén diém A, E, H, F nam trén cing mot duong tron.
Taco AEB=90°(do BE la dudng cao ciia AABC) hay AEH = 90°

AFC =90° (do CF 1a dudng cao ciia AABC) hay AFH = 90°

Xét tir giac AEHF b AEH + AFH = 90°+90° = 180°

Ma AEH , AFH & vi tri d6i nhau

Do d6 tir giac AEHF noi tiép duong tron duong kinh AH

Suy ra bon diém 4,E,H,F cung nam trén mot dudng tron (dpem)

b) Chimg minh NE' 12 tiép tuyén ctia duong tron duong kinh AH ;

Vi I 1a trung diém cua doan thang AH nén I 1a tim duong tron duong kinh AH
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KNTTVCS

Suyra [A=1E

= AIAE cantail

= Ai=E (1)

AEBC vuéng tai E c6 EN la duong trung trrung tuyén tmg v6i canh huyén BC

— EN =NC [:%}

= AENC cantai N

= NCE = E, ()

Xét AAKC vudng tai K co KCA + A = 90° hay NCE + 4 = 90° 3)
Tu (1), (2), 3) suyra Ei + F4 =90°

Laic6 Ei+ E4+IEN =180° (do A, E, C thang hang)

= 90°+ [EN =180°

= IEN =90°

Suyra EN L EI tai E

Do d6 NE 1a tiép tuyén cua duong tron duong kinh 4AH (dpcm)

¢) Ching minh CI’ - IE* = CK.CB.

Ap dung dinh li Py — Ta— Go ACIK vuéng tai K, tacod: CI* = CK* + IK?
Lai c6 /A= IE = [H (cung ban kinh duong tron tam I)

= CI’-IE=CK’+IK’ - IE’

CI’ —IE* = CK* +(IK + IE)(IK — IE)

CI’—IE* =CK’+(IK+IE)(IK —IH)=CK* + AK.KH  (4)

Ta lai c6 CK.CB=CK(CK + KB)=CK*+CK.KB (5)

Xét AKBH va AKAC cb

KBH = KAC (Cung phu v6i ACB); BKH = AKC = 90°
Do d6 AAHK «» AACB (g —g)

= % = % = KA.KH = KB.KC hay AK.KH = CK.KB (6)

Tu (4),(5) va (6) suyra CI’—[E* =CK.CB (dpem)

Bai 6. Cho dudng tron (O) duong kinh AB. Trén tiép tuyén cta dudng tron (O) tai diém A 1dy diém M

(M # A). Lay diém N trén doan thdng OB (N khéc O va B).Duong thang MN cit dudng tron (O) tai hai

diém C, D (C nam giita M va D). Goi I 1a trung diém cua doan thang CD
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a) Chung minh tr gidc AMIO 1a t& gidc noi tiep

b) Qua D ké duong thing song song véi MOcit AB tai H. Ching minh MA> = MC.MD va
/IAB = Z/MDH

¢) Goi E, Flan luot 1a giao diém cuia dudng thing MO véi hai duong thing BC, BD.Ching minh ti gidc
AEBF 1a hinh binh hanh

Loi giai

a) Chung minh t& giac AMIO 1a tir giac noi tiép

Ta c6 : 11 trung diém cta CD nén OI LCD (tinh chéat duong kinh — diy cung)

= LOIM =90°

MA 1a tiép tuyén ctia duong tron (O) tai A (gt) nén ZMAO =90°

Xét tir giac AMIO c¢6 ZOIM + ZMAO =90°+90° = 180° ma hai goc nay ddi dién nhau
Nén tir gidc AMIO 1a tir giac noi tiép

b) Qua D ké dudng thang song song voi MO cit AB tai H. Ching minh MA> = MC.MD va
LIAB = ZMDH

Ta cd6 ZLMAC = ZCDA (goc ndi tiép va goc tao boi tiép tuyén va day cung cing chin cung AC)
Xét AMCAva AMADcé :

ZDMAchung, ZMAC = ZMDA(cmt)

MA MC
= AMCA ~ AMAD(g.2) = —— =——(hai cap canh tuong tng ti 1€
(g-g) D MA( ap Ce g ung ti 1¢)

= MA® = MC.MD (dfem)

Vi AMIO 1a tir gi4c noi tiép (cmt) nén ta co :

ZIMO = ZIAO = ZIAB (hai goc ndi tiép cing chan cung OI)

Vi HD//MO = ZMDH = ZIMO (2 gbc so le trong)

Vay ZIAB = ZMDH (dfcm)

¢) Goi E, Flan luot 1a giao diém ciia dudng thang MO véi hai duong thang BC, BD.Chung minh tir giac
AEBF 13 hinh binh hanh
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Kéo dai DH cat BC tai K

Taco: LIAB = /MDH (cmt)hay ZIAH = ZIDH ma A va D 1a hai dinh ké nhau cta t& gidc AIHD cing
nhin canh IH dudi 1 goc bang nhau

Suy ra tt giac AIHD ndi tiép duong tron

= /HID = Z/HAD (cing chan cung HD)

Xét (O) tacd : ZBAD = /BCD (hai gbc ndi tiép cing chin cung BD)

Hay ZHAD = ZBCD

Suy ra ZBCD = AHID( = AHAD) , ma 2 goc nay & vi tri ddng vi nén IH / /CK

Suy ra A 1a trung diém ciia DK (dinh 1y vé duong trung binh ciia tam giac)

= HK = HD(1)

Vi DH //OH (gt)= HK / /OE,HD | |OF

Xét ABOE c6 HK / /OE(cmt) = % = % (hé qua cta dinh ly Talet ) (2)

Xét ABOF ta cd HD /! /OF (cmt) = % = % (hé qua dinh Iy Talet) (3)

Tu (1), (2), 3)= OFE =OF

Xét tir giac AEBF tacd : OA= 0B = R;0OF = OF (cmt)

Suy ra tir giac AEBF 1a hinh binh hanh (dpcm)

Bai7.  Cho tam gidc nhon ABC ( AB < AC) ni tiép duong tron tam O. Hai tiép tuyén tai B va C cta
dudng tron (O) cit nhau tai M, tia AM cit duong tron (O) tai diém D.

a) Chung minh rang t giac OBMC ndi tiép duoc dudng tron.

b) Chtimg minh MB?* = MD.MA

¢) Goi E 1a trung diém doan thang AD; tia CE cat dudng tron (O) tai diém F. Chung minh rang: BF // AM.

Loi gidi
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a) Chirng minh rang t& gidc OBMC ndi tiép dwoe dwdng tron.

OB 1 MB {ME) ~90°

Ta c6 MB, MC la céc tiép tuyén ciia duong tron (O) nén =>4
oCLMC | MCO=90"

Xét tir giac OBMC ¢6 MBO + MCO =90° +90° =180°
Ma MBO,MCO 14 hai goc d6i nhau nén tir gise OBMC ni tiép.
b) Chitng minh MB? = MD.MA

Ta c6 DBM = BAM (goc tao boi tiép tuyén va day cung va gbc ndi tiép ciing chian cung BD).
Xét AMBD va AMAB c6:

DBM = BAM
- = AMBD# AMAB (g.g)
BMA chung
:@z@:MBz = MA.MD
MA MB

¢) Goi E la trung diém doan thing AD; tia CE cit dwong tron (O) tai diém F. Chirng minh rang:
BF /7 AM.
Ta c¢6 E 1a trung diém cua AD nén OE L AD (mdi quan hé gitta dudong kinh va diy cung)

— OEM =90

Xét tir gide OEMC c6 OEM +OCM =90° +90° =180°

Ma OEM,0CM 14 hai goc d6i nhau nén ti gise OEMC ndi tip.
— COM = CEM (hai goc noi tiép cing chian cung CM) (1)

Ta lai co COM = BOM = % sd BC (tinh chat hai tiép tuyén cit nhau)
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Ma BFC :% sd BC (tinh chat goc noi tiép)

— COM = BFC (2)

Tir (1) va (2) = MEC = BFC

Ma hai goc MEC va BFC & vi tri ddng vi = EM //BF hay AM / /BF .

Bai8. Cho tam giac ABC nhon ndi tiép dudng tron tim O, dudng cao BE va CF . Tiép tuyén tai
B va C catnhautai S, BC va OS citnhau tai M .

a) Chimg minh rang AB.MB = AE.BS .

b) Hai tam giac AEM va ABS d6ng dang.

¢) Goi AM cit EF tai N, AS cat BC tai P .Chung minh rang NP | BC.

Loi giai

a) Ta chimg minh AABE ~ ABSM .

b) Tur cau a ta co A—E:@ (D)
AB BS

ma MB = EM (do ABEC vuéng tai E ¢ M la trung diém ciia BC')

nA—E:ﬂ C(’)]\?O\B:BAE;@%—B/A\E:%O;
AB  BS

A

ne

— —

MBO + MOB = 90" nén MBO = EBA

do d6 MEB = OBA — MBE. Suyra MEA = SBA (2)
Tu (1) va(2)suyra AAME ~ AABS (dpcm).
¢) Dé thdy SM vudng goc véi BC' nén ta chimg minh NP / /SM .

Trang 38



Hinh hoc 9 - Chuwong 9: Puong tron ngogi tiép va dwong tron ndi ticp — Tw ludn c6 1oi gidgi KNTTVCS

Xét AANE va AAPB: Tir caub) tacé AAEM ~ AABS nén NAE — PAB. Ma AEN = ABP (do

t gidc BCEF ndi tiép). Do d6 AANE ~ AAPB nén AN _AE

P AB’
Lai co AM = A—E(AAEM ~ AABS). Suy ra AM = AN nén trong tam giac AMS c¢6 NP / /SM
AS AB AS AP

(dinh ly Talet ddo). Do do bai toan dugc chimg minh.

DANG 4

PUONG TRON LIEN QUAN PEN GIA TRI LON NHAT, GIA TRI NHO NHAT

Bail. Trén nira duong tron tim O dudng kinh 4B =2R,lay diém C (C khac A va B), tir C ké

CH vudng géc v6i AB(H € AB).Goi Dla diém bét ky trén doan CH (D khéc Cva H), dudng thing
AD cit nira duong tron tai diém thir hai 1a E

a) Chimg minh t gidc BHDE noi tiép
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b) Ching minh AD.EC =CD.AC

¢) Khi diém C di dong trén nua duong tron (C khac 4, Bva diém chinh gilta cung AB), xac dinh vi tri

ctia diém C sao cho chu vi tam giac COH dat gia tri 16n nhat

Loi giai
C E
D
A H o0 B

a) Chimg minh t giac BHDE noi tiép

Ta c6 : ZBEA=90° (goc ndi tiép chan nira dudng tron) = ZBED = 90°

Xét tir gidc BHDE ¢6 : /BED+ /BHD =90°+90°=180°, ma 2 goc niy ddi nhau
Nén BHDE la tir giac noi tiép

b) Ching minh AD.EC =CD.AC

Ta co6 ZACB =90°(goc ndi tiép chin nira duong tron)

= LABC = ZACH (cung phu v61 ZBCH)

Ma ZAEC = ZABC (2 gbc ndi tiép cing chin cung AC)

= LAEC = LZACH = ZACD

Xét AACDva AAEC ¢o:

LCAE chung, ZACD = AAEC(cmt) = AACD ~ AAEC(g.g)

AD
—— =——(hai cap canh tuong tng ti 1€
iC EC( ap ce gung ti 1¢)

Vay AD.EC = CD.AC(dfcm)

¢) Khi diém C di dong trén ntra duong tron (C khac 4, Bva diém chinh gilra cung A4B), x4c dinh vi tri
ctia diém C sao cho chu vi tam giac COH dat gia tri 16n nhat

Chu vi tam giac COH 1a F.,, =0C+OH +CH

Do OC bang ban kinh duong tron duong kinh AB khong d6i nén

P, max < (OH +CH), .

Ap dung BDT Bunhiacopxki ta co :

(OH +CH)’ <2(OH” + CH*)=20C" (Dinh Iy Pytago)
— OH +CH <0C~2

Khi d6 ta co P, =OC+OH +CH <0C+0C2 = R(1++2)
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Dau "="xay ra khi OH = CH = AOCH vudng can tai H= ZCOH =45° = ZCOA4 =45°

Vay dé chu vi tam gidc COH dat gia tri 16n nhét bang R (1 +2 ) thi diém C nam trén nira duong tron
duong kinh 4B sao cho ZCOA =45°

Bai2. Cho nia duong tron tim O duong kinh 4B, M 1a mot diém bat ky thudc nira dudng tron
(M khac A,B). Tiép tuyén tai M cit cac tiép tuyén Ax, By ciia duong tron (O) lan lugt tai Cva D

a) Chung minh t& giac ACMO ndi tiép

b) Chirng minh CO vudng goc véi OD

¢) Tim gia tri nho nhat cta tong dién tich hai tam giac ACM, BDM

Loi giai
x y
D
M
C
A H O B

a) Chung minh t& giac ACMO ndi tiép

Vi Axla tiép tuyén cua (O)tai A (gt)= Ax L AB = LOAC =90°

Vi CD1a tiép tuyén ctia (O) tai M = CD L OM = LOMC =90°

Xét tir gidc ACMO c¢6 LOAC + LOMC =90°+90° =180° ma hai goc niy ddi nhau

Nén ACMO 1a tir giac noi tiép

b) Chirng minh CO vudng goc véi OD

AC,CD 1a tiép tuyén ctia duong tron (O)= OC 14 tia phéan gidc cia ZAOM (tinh chat hai tiép tuyén cit

nhau)= ZCOM = %LAOM

BD,CD 14 tiép tuyén cta dudng tron (O)= OD 14 tia phén giac cia £BOM (tinh chit hai tiép tuyén cit

nhau)= ZDOM = %LBOM

Tacé6 LAOM + ZBOM =180° (hai goc ké bi)

3%4AOM+%LBOM =90°= LCOM + £ZDOM =90° = £LCOD =90°

Vay CO L DO(dfem)

¢) Tim gi tri nho nhit ciia tong dién tich hai tam giac ACM, BDM
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Ké MH | AB
Ta cd CA=CM,DB = DM (tinh chat hai tiép tuyén cat nhau)
Ma CD=CM + DM nén CD =CA+ DB =AC+BD

Trong tam gidc MHOta c6 MH < MO =R

Trong tur gidc ABDC la hinh thang vudng nén CD > AB =2R
(AC+BD).AB _CD.AB _ AB.AB

Tacd S = =2R?
ABDC 2 2
MH.AB MO.AB

NP > < 02 =R’

= Suen +Ssonr = Saspe —Swup 2 2R*-R* =R’
Déu bing xay ra khi H = O < M la diém nam chinh gitta cung 4B
Vay M nam chinh giita cung AB thi tong dién tich tam giac ACM va BDM nho nhét bang R’

BAI TAP REN LUYEN
Bai3. Cho tam gidc ABC nhon ndi tiép duong tron (O;R), c6 ba duong cao AK,BE va CF cit
nhau tai H .
a) Chimg minh t&r gidc AEHF noi tiép.
b) Hai dudng thing BE va CF cét dudng tron (O) lan lugt tai M va N (M khic B; N khac C).
Ching minh: MN //EF .
¢) Gia str hai diém B,C cb dinh, diém A4 di dong trén cung 16n BC ciia dudng tron (0) (4 khac B,C).

Tim vj tri cua diém A4 sao cho chu vi tam gidc KEF dat gia tri 16n nhét.

Loi giai
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a. Chirng minh tir gidc 4AEHF noi tiep:

L | HE 1 4C (gt) = AEH =90°
Xeét to giac AEHF , co: o .
HF | AB (gt)= AFH =90°
— AEH + AFH =90° +90° =180"
Vay tir gidc AEHF ndi tiép duong tron.
b. Hai dudng thiing BE va CF cit dudng tron (O) lan lugt tai M va N (M khac B; N khac

C). Ching minh: MN //EF .

Xét ttt gide BCEF , c6: {BE LACE) = li]i?j =90"
CF 1 AB(gt)= BFC =90’
Ta gidc BCEF ¢6 2 dinh E, F lién tiép nhau cung nhin canh BC dudi 1 goc 90° .
= T giac BCEF ndi tiép dudng tron duong kinh BC.
— FEB=BCF (2 goc ndi tiép cung chin cung BF ) hay FEB = BCN . (D)
Xét dudng tron (O) cb: BMN = BCN (2 goc ndi tiép cung chian cung BN ). (2)
Tu (1) va(2), suy ra BMN = FEB .
Ma 2 goc ndy & vi tri dong vi = MN //EF . (diéu phai ching minh).
c. Gié sir hai diém B,C c6 dinh, diém A di dfng trén cungl6n BC ciia dudng tron (O) (A4 khac

B,C). Tim vi tri ciia diém A sao cho chu vi tam gidc KEF dat gia tri 16n nhat.

Xét duong tron duong kinh BC, co FBE = ECF hay ABM = ACN (2 goc ndi tiép cung chin cung EF).
= AM = AN => AM = AN .

Ma OM =ON =R nén OA 1a duong trung truc cia doan thing MN .

= OALMN.

Laico: MN//EF (caub) = OA L EF .

Tuong tu: OB L FK; OC L EK .

Ta co: S, e = Sopur +Sorsx T Sorck = %OA.EF +%OB.FK +%OC.EK = %R.(EF + FK + EK)

1
:E'R'CAKEF (trong do C,,,- la chuvi AKEF).

Khi d6: Chu vi AKEF 16n nhét khi va chi khi dién tich AABC 16n nhit.

1
Ma Sy =-AK.BC.
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Theo d bai BC cb dinh nén S, . 16n nhat khi va chi khi 4K 1én nhit. < A4 1a diém chinh gitra cung

lon BC.

Vay chu vi AKEF 16n nhét khi va chi 4 1a diém chinh giira cung 16n BC.

Bai4. Cho tam gidc ABC nhon, ndi tiép duong tron (O; R) va AB< AC. Ba duong cao
AD,BE,CF cua tam giac ABC(D,E, F 1a chan cac duong cao) dong quy tai diem H . Ké duong kinh
AK cua duong tron (O; R). Goi M 1a hinh chiéu vuong goc ciia C' trén duong thing AK .

a) Chumg minh rang t& giac BCEF noi tiép duong tron.

b) Chiing minh rang tam giac ABD ddng dang véi tam gidc AKC va MD song song v6i BK .

¢) Gia str hai dinh B,C ¢ dinh trén duong tron (O; R) va dinh A di dong trén cung lén BC cua duong
tron (O; R). Chimng minh rang duong thang MF ludn di qua mot diém c6 dinh va tim vi tri ciia dinh A

sao cho dién tich tam giac AEH 16n nhat.

Loi giai

o —

a)Ta c6 BEC = 90° (vi BE 1a duong cao cia AABC)

BFC = 90° (vi CF la duong cao cia AABC)

— BEC = BFC = 90°

—_— -

Xét ta giac BCEF ¢6 BEC = BFC = 90°( theo chirng minh trén)
= Pinh £ va F 1a hai dinh k& nhau cing nhin canh BC dudi mot goc khong dbi 90°

Do d6 tir giac BCEF noi tiép ( dpcm)
b)
* Ching minh rang tam giac ABD ddng dang véi tam gidc AKC
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KNTTVCS

-

Tacoé+ ACK = 90° (1a goc ndi tiép chan nira dudng tron)

— P

+ ABC= AKC (cung chin AC)
Xét AABD va AAKC ¢o

—_

ADB = ACK =90°

o —

ABC= A/IRY ( theo chtrng minh trén)
D6 d6 AABD ~ AAKC (g9.9)
* MD song song voi BK .

Xét duong tron tam (O)c() C/ﬁf = ER‘ ( cing chin KC') (1)

Chimng minh ttr giac ACMD noi tiép

/~

= KAC = CDM (cing chin MC') (2)

T (1) va (2)suy ra CBK = CDM = DM | BK (dpem)

c)

Goi I trung diém BC

Ta c6 ACK =90° ( chin nira dudng tron) = CK L AC
Ma BE 1 AC (BE la duong cao cua AABC)

Suy raCK || BE (1)

Tuong tu BK ||CF (2)

CK || BE

Xét tor giac CHBK c6
BK ||CF

Suy ra tir giac CHBK 1a hinh binh hanh.
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Ma [ trung diém cia BC

Suyra I,H,K thang hang.

Xét AAHK c6 O la trung diém cua AK

I 1a trung diém coa HK

Suy ra OI la duong trung binh cia AAHK = AH =201
Do OI khong doi nén AH khong ddi

Tacod S,z =%AE~HE (1)

Tacd AAEH vudng tai E nén AE* + EH> = AH’
Ap dung bt dang thtic ¢6 si ta co

AH? = AE® + EH® > 2N AE® -EH? =2AE - HE

= AE-HE S%AHZ (2)

Tu (1) va (2) suyra S, < iAH2 khong d6i

=S :%AH2

Déu “=” xau ra khi AE = HE = HAE = 45°= ACB = 45°
Bai5. Trén nira duong tron tim O duong kinh AB v&i AB=2022, liy diém C (C khac A va
B), tir C k¢ CH vuong goc AB(H € AB). Goi D la diém bét ki trén doan CH (D khac C va H),
duong thang AD cét nira duong tron tai diém thir hai E .
a) Ching minh tir giac BHDE 1a tir giac noi tiép.
b) Chirng minh: AD-EC=CD-AC.
¢) Chung minh: AD.AE + BH.BA =2022°.
d) Khi diém C di dong trén nira dudng tron (C khac A, B va diém chinh giita cung AB), x4c dinh vi
tri diém C sao cho chu vi tam giac COH dat gia tri 16n nhét.

Loi giai

E

A H 0 B
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a) Xét to giskc BHDE c6: DHA =90°(gt); DEB=90° ( goc ndi tiép chin nira dudng tron) nén

@ = 1§E\B do d6 tir giac BHDE ni tiép.
b) Xét hai tam giac AADC va AACE co: C/ATD chung; A/CTD =90° —C/A?I = C/Ej‘l

Nén AADC ~ AACE(g-g) dodo A2 — ‘é—g hay AD.EC =CD.AC.

DC
¢) HD: Dya vao y (1) dé chimg minh AADH ~ AABE(g.g) khi do:
AD-AE+BH-BA = AB-AE+ AB-BH = AB* =2022°.
d) Tam giac CHO vuéng tai H nén theo dinh li Pytago ta co:

OC? = OH? + HC? :%(OH+HC)2 +%(OH—HC)2 > %(OH+HC)2

Hay la OH + HC <OCA/2 nén Co_,,, =OC +OH + HC < (1++/2)0OC = (1++/2)-1011

—

Dau "=" xay ra khi va chi khi diém C nam trén nira duong tron O sao cho ACD =45°.

Bai6. Tu diém M nam ngoai dudng tron (O;R),ké tiép tuyén MA(Alél tiép diém) va cat tuyén
MBC khong di qua tdm O (diém B nam giita hai diém M, C).Goi H 1a trung diém BC. Puong thing
OH cét dudng tron (O;R)tai hai diém N, K (trong d6 diém K thudc cung BAC).Goi D 1a giao diém cia
AN va BC

a) Chiing minh t& gidc AKHD 14 t& gidc noi tiép

b) Chitng minh ZNAB = ZNBDva NB* = NA.ND

c) Chimg minh rang khi duong tron (O;R)va diém M c6 dinh dong thoi cat tuyén MBC thay doi thi

diém D nam trén mdt dudong tron cd dinh

Loi gidi

a) Ching minh tir gidac AKHD 1A tik giac ndi tiép

Ta cd ZKAN =90° (goc ndi tiép chin nira dudng tron) = LKAD =90°
H 1a trung diém cia BC = OH L BC (tinh chit duong kinh — day cung)
= ZKHD =90°
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Xét tir giac AKHD c6 Z/KAD + ZKHD =90°+90° = 180°, ma hai goc nay di dién
Nén tir giac AKHD ndi tiép

b) Chung minh /NAB = /NBDva NB* = NA.ND

Vi H 1a trung diém BC = N 1a diém chinh giita cung BC = BN =CN

= /NAB = Z/NBC = ZNBD (hai goc ndi tiép chin hai cung bang nhau)

Xét ANBDva ANABc6 :

ZANB chung, ZNBD = ZNAB(cmt) = ANBD ~ ANAB(g.g)

NB NA . , ) 1A 2
= — =_—""(2 cap canh tuong ung ti 1€)= NB° = NA.ND (dfcm
5~ g 2o g ng ti 1¢) (dfem)

¢) Ching minh ring khi dudng tron (O;R)va diém M c6 dinh dong thoi cat tuyén MBC thay doi
thi diém D nim trén mt dwong tron cé dinh

/MDA = %sd,@%sdz\?c - %sd@ +%sd]/\71§ - %sd;ITV — AMAD cén tai M

= MD = MAma MA khong d6i nén D e (M; MA)
Bai7. Cho dudng tron (O;R) va dudng thiang d khong di qua O cit (O) tai hai diém A; B. Trén tia d6i
clia tia BA 1ay diém M; qua M ké hai tiép tuyén MC; MD véi dudng tron (O) ( C; D 1a céc tiép diém).
Goi H 1a trung diém cua AB.
a) Chung minh t& giac OMCH ndi tiép.
b) OM cit dudng tron (O) tai I va cit CD tai K. Ching minh OK.OM=R>
¢) Puong thing qua O vudng goc voi OM, cit tia MC va MD lan luot tai P va Q. Tinh d6 dai OM theo R
sao cho dién tich tam giac MPQ nho nhat.

Loi gidi
a) Chirng minh ti giac OMCH n#i tiép.

Vi H 1 trung diém ctia day cung AB nén OH L AB = OHM=90"

Ta cé: OHM =OCM =90° nén tit gisc OMCH noi tiép.

Trang 48



Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

Q
D

‘.
H

b) OM cit dwong tron (O) tai I va ciat CD tai K. Chirng minh OK.OM=R

Tam giac ODM vuong tai D (vi ODM =90° ). Mit khac: MC=MD (t/c hai tiép tuyén cit nhau);
OC=0OD=R = OM la duong trung tryc ciia doan thang CD=> OM L CD. Trong tam giac vuong ODM
ap dung hé thirc b’>=a.b' ta c6: OD*=0K.OM < OK.OM=R".

¢) Puong thing qua O vudng géc véi OM, cit tia MC va MD lan lwot tai P va Q. Tinh dd dai OM
theo R sao cho dién tich tam giac MPQ nhé nhit.

Q
D
0 K M
H
A C
P

Theo t/c hai tiép tuyén cit nhau ta c6 MO 14 tia phan gidc ctia goc PMQ, mat khac MO L PQ nén tam
giac PMQ can tai M= PQ =20P.

Tacd S,y = %MO.PQZMO.OP . Trong tam giadc vudng OMQ ta co6:
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1 1 1 1 1 1

= T TS T T A 2
Ob” OP° OM R OP" OM

Ap dung bét dang thirc C6 si :

1 1 11 2 1 2
+ > : = & —>
OP> OM’ OP> OM* OP.OM R’ S,
L _ 1
Spmo 2 2R?. Déu “=" xdy ra <>{OM> OP’> < OM=OP=R+/2.
OM.OP=2R"

Vay S,y dat gid tri nho nhit <> OM=R~2.

Bai8.  Cho duong tron (O,R) va duong thang d khong di qua O cat duong tron tai hai diém A, B. Lay
mdt diém M trén tia dbi cua tia BA ké hai tiép tuyén MC, MD véi duong tron (C, D 14 tiép diém). Goi H
1a trung diém cta AB.

a) Chung minh ring M, D, O, H cing nam trén mot dudng tron

b) Poan OM cat dudng tron tai I. CMR I 1a tam duong tron ndi tiép tam gidc MCD.

¢) Puong thing qua O, vudng goc voi OM cit cac tia MC, MD theo tht ty tai P, Q. Tim vi tri cta diém
M trén d sao cho dién tich tam giac MPQ bé nhit.

Loi giai

D
Q \
a. Do MD la tiép tuyén ctia (0) => MD 1 OD => MDO =90
Do H 1a trung diém cua AB; diy AB khong di qua tim O
nén OH L AB; =>MHO = 90"
Xét it gise MHOD c6 MDO + MHO =90° +90° =180
=t gihc MHOD ni tiép
= M, D, O, H cung nam trén mot duong tron.

b. Do MC, MD la tiép tuyén cua (O)

=>MO Ila tia phan gic cia CMD => MI 14 tia phan giac cua CMD *)
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OlI la tia phan giac cua COD => COI = DOI hay CI = DI (1)

Ma MCI = %sd& . DCI = %sdﬁ] 2)

Tul,2=> MCI =DCI =>Cl 1 phén giac cua MCD (**)
Tir (%), (**) => I 1a tam dudng tron ndi tiép tam giac MCD

1
. Ta co S, = MO.PO = %.MO.Z.OP = MO.OP

Ma AMCO ~ AMOP(g.g)

MO €O, Mo.oP=MP.CO
MP  OP

=> S,;pp = MP.CO = (MC + CP).CO > 2J/ MC.CP.CO =20C* =2R’
Dau “ =" xay ra khi MC = CP <> AMOP vudng cén
& PMO =45" < CMD =90"

¢ MCOD 14 hinh vudng canh R <=> OM = R+/2 .Vay dién tich tam gisc MPQ bé nhét khi OM = R+/2
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BAI 4

PA GIAC PEU VA PHEP QUAY

1. Pa giac déu
a. Da giac

Da gidc 4,4,..4,(n>3,neN) la hinh gdm n doan thing A4,4,; 4,A4; ..; 4, ,A,; 4,4, sao cho mdi
diém A4,4,,...,4, 1a diém chung cua ding hai doan thang va khong c6 hai doan thang ndo nam trén cling
mdt duong thang. Trong da giac A A,..A, cac diém A,A4,,..,4, 1a cac dinh, cic doan thang
AA,; A4 .. A A5 A A 14 cac canh.

Pa giac 16i 1a da giac lun ndm vé mét phia cta duong thang chira bt ki canh nao cua da giéc.
b. Pa giac déu

Pa giac deu la da gidc 161 c6 cac canh bang nhau va cac goc bang nhau.

Tam gide déu Hinh vudng Ngi gidc déu Lue gidc déu Bat gidc déu
Chu y:

e Pa giac déu co n canh goi 13 n - giac déu.

e Khi n 1an bang 3,4,5,6,... ta co tam giac déu, ttr giac déu, ngii giac déu, luc giac déu, ...

e Tir nay vé sau, khi noi vé da gidc ma néu khong giai thich gi thém, thi hiéu d6 1a da giac 16i.

e Nguoi ta chimg minh duoc rang cac dinh ciia mdi da giac déu ludn cing ndm trén mot dudng tron,
duoc goi 1a dudng tron ngoai tiép da giac, tim duong tron dwoc goi 1a tim da gidc déu va da giac déu
duogc goi 14 ndi tiép duong tron.

2. Phép quay
Cho diém O c¢6 dinh va sb thue a°.

Phép quay thuan chiéu o’ (0" <a’< 360") tam O giit nguyén diém O, bién diém 4 (khac diém
O) thanh diém B thugc dudng tron (0;04) sao cho tia O4 quay thuan chiéu kim dong hd dén tia OB

thi diém A tao nén cung AB c6 s6 do @’ . Pinh nghia twong tu cho phép quay ngugc chiéu ° tam O.

Phép quay 0° va phép quay 360° giit nguyén moi diém.
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Ch y:

e Ta coi mdi phép quay tim O bién O thanh chinh né.

e Néu mot phép quay bién cac diém M trén hinh A thanh cac diém M ' thi cac diém M ' tao thanh
hinh H'. Khi 0, ta néi phép quay bién hinh A thanh hinh H'. Néu hinh H' trung v6i hinh H thi ta
no6i phép quay bién hinh A thanh chinh no.

e Nguoi ta chimg minh duoc rang chi co cac phép quay sau ddy gitt nguyén hinh da giac déu
AA4,..A,(n=3,neN) véi tam O: cac phép quay thuan chiéu o’ tdm O va cc phép quay nguoc chiéu
a’tim O, véi a°1an luot nhan céac gia tri:

o 300 o 23607 n360° L
n n n
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DANG 1

DA GIAC DEU

Da giac déu c6 n canh bang nhau va cling c6 n gbéc bang nhau nén c6 cong thirc tinh s6 do moi goc

(n —2).180°

n

la:

Bai 1.  Trong cac hinh phang sau, hinh nio 14 hinh phang c6 dang da giac déu?

a} b) ¢} aj e

Bai2.  Trong cac hinh phing sau, hinh nao 13 hinh phing c6 dang da giac déu?

' 0

Hinh 8 Hinh b Hinh Hink o

Bai3. Trong cac hinh phing sau, hinh nao 13 hinh phing c6 dang da giac déu?

a) b) c) d) €)

Bai4. Nguoi ta muén lam mot khay dung banh keo hinh luc gidc déu cé canh 10 cm va chia thanh 7

g)

ngan gom mot luc gidc déu nhod va 6 hinh thang can nhu hinh v&. Hoi luc gidc déu nhé phai c6 canh bing

bao nhiéu dé no6 co6 dién tich bang hai lan dién tich cia moi hinh thang.

Bai5. Tinh s6 do ctia mdi goc cuia ngil giac déu, luc giac déu, bat gidc déu ( da gidc déu 8 canh).

Bai 6. Tinh s6 canh cia mgt da giac déu, biet moi goc cua nd bang 135°.
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Bai7. Cho tam giac déu ABC, cac duong cao AD, BE, CF catnhautai H. Goi I, K, M theo thtt
tu 1a trung diém cia HA, HB, HC . Ching minh rang DKFIEM la luc giac déu.

Bai 8.

a) Tinh s6 duong chéo cua da giac n canh.

b) Pa giac ndo c6 sé duong chéo bang s canh?

Bai9. Cho lyc giac d&u ABCDEF . Goi M la trung diém cua EF , N 1a trung diém cua BD . Chting
minh ring AMN 14 tam giac déu.

Bai 10. Cho luc giac déu ABCDEF . Trén canh AB, BC, CD, DE, EF, FA léy cac diém A’, B,
C', D', E', F' saocho AA'=BB'=CC'=DD'=EE'=FF'. Chiing minh rﬁng A'B'C'D'E'F' 1a moét luc
giac déu.

Bai 11. Mot luc gidc déu va mot ngii giac déu chung canh AD (nhu hinh v&). Tinh cac gbc cta tam giac

ABC.
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DANG 2

PHEP QUAY

Bail. Cho tam giac déu 4BC tdm O.

a) Phép quay thuan chiéu tim O bién diém A thanh diém C thi cac diém B,C twong mg bién thanh cic
diém nao?

b) Phép quay nguoc chiéu tim O bién diém A thanh diém B thi cac diém B,C tuong tng bién thanh
cac diém nao?

¢) Chi ra cac phép quay tim O giit nguyén hinh tam giac déu ABC .

Bai 2. Cho hinh vuéng ABCD tam O.

[,

b (
a) Phép quay thuan chidu tim O bién diém A thanh diém C thi cac diém B,C,D twong ung bién thanh
cac diém nao?
b) Phép quay nguoc chidu tim O bién diém A4 thanh diém B thi cac diém B,C, D twong tmg bién thanh
cac diém nao?
c¢) Chi ra cic phép quay tam O gilt nguyén hinh vudéng ABCD.
Bai3.  Cho hinh ngii gisc déu ABCDE tam O.

a) Phép quay thuan chiéu tim O bién diém 4 thanh diém E thi cac diém B,C,D,E twong tng bién
thanh céc diém nao?
b) Phép quay nguoc chiéu tim O bién diém 4 thanh diém C thi cic diém B,C,D,E tuong tng bién
thanh cac diém nao?

¢) Chi ra cac phép quay tim O giit nguyén hinh ngii gidc déu ABCDE .
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS
Bai4.  Cho hinh luc giac déu 4 4,4,4,4, 4, tim O.

A As

A A

a) Phép quay thuan chiéu tim O bién diém 4, thanh diém 4, thi cac diém 4,,4;,4,, 4, A, tuong Gng
bién thanh cac diém nao?

b) Phép quay nguoc chiéu tim O bién diém 4, thanh diém A, thi cic diém 4,,4;,4,, 4, 4, tuong tmg
bién thanh cac diém nao?

¢) Chi ra cac phép quay tim O giit nguyén hinh luc gidc déu AA,AAAA.

Bai5.  Cho hinh bét giac déu ABCDEGHK tam O.

a) Phép quay thuin chiéu tim O bién diém A thanh diém E thi cac diém B,C,D,E,G,H,K tuong rng
bién thanh céc diém nao?

b) Phép quay nguoc chiéu tim O bién diém C thanh diém K thi cac diém A4,B,D,E.G,H,K tuong
{mg bién thanh cac diém nao?

¢) Chi ra cac phép quay tim O giit nguyén hinh luc giac déu ABCDEGHK .

Bai 6.  Cho hai da giac déu ABCDEGH nhu hinh v& sau:

G C (i C

() b)

Hinh 1
a) O hinh 1a), ta thyc hién phép quay nguoc chiéu giit nguyén hinh da gidc déu ABCDEGH va bién cic
diém 4,B,C,D,E,G,H lan luot thanh diém H, A, B,C,D,E,G . Phép quay d6 1a phép quay nao?
b) O hinh 1b), ta thuc hién phép quay thuan chiéu giit nguyén hinh da gidc déu ABCDEGH va bién céc
diém 4,B,C,D,E,G,H lan lugt thanh diém B,C,D,E,G,H, A. Phép quay d6 1a phép quay nao?
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
Bai7. Cho hai da gidc déu ABCDEGHK nhu hinh vé€ sau:

- A—B

i) b
Hinh 2

a) O hinh 2a), ta thyc hién phép quay nguoc chiéu gitt nguyén hinh da gidc déu ABCDEGHK va bién cac
diém 4,B,C,D,E,G,H,K lan luot thanh diém B,C,D,E,G,H,K, A . Phép quay d6 1a phép quay nao?
b) O hinh 2b), ta thyc hién phép quay thuan chiéu giit nguyén hinh da giac déu 4ABCDEGHK va bién cac
diém 4,B,C,D,E,G,H,K lan luot thanh diém K, 4,B,C,D,E,G,H . Phép quay d6 1a phép quay nao?
Bai8. Cho 18 hinh tam giac déu bang nhau va duoc xép véi nhau thanh hinh chong chéng nhu hinh

Ve.

a) Hay danh dau 6 diém mut cta hinh chong chéng sao cho 6 diém mut d6 1a cac dinh ctia mot hinh luc
gidc déu tam O.

b) Chi ra cac phép quay tam O gilt nguyén hinh chong chong.

Bai9. Mainha trong hinh v& duéi day duoc d& bai khung hinh da giac déu.

a) Goi tén da gidc do.

b) Chi ra cac phép quay bién da giac d6 thanh chinh no.
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS
Bai 10. Cho vong quay mat trdi gdm tam cabin nhu hinh vé.

Fﬁ.-“! iri can nhat

TR

L

o

it = nh2F
VI Tri thap nhat

KT,

i=

"
-

a) Hoi dé cabin di chuyén dén vi tri thip nhét thi vong quay phai quay nguoc chiéu kim déng hdé quanh
tam bao nhiéu do?
a) Hoi dé cabin di chuyén dén vi tri cao nhat thi vong quay phai quay thuan chiéu kim déng ho quanh tim

bao nhiéu do?

Trang 8



Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
BAI 4

PA GIAC PEU VA PHEP QUAY

1. Pa giac déu
a. Da giac

Da gidc 4,4,..4,(n>3,neN) la hinh gdm n doan thing A4,4,; 4,A4; ..; 4, ,A,; 4,4, sao cho mdi
diém A4,4,,...,4, 1a diém chung cua ding hai doan thang va khong c6 hai doan thang ndo nam trén cling
mdt duong thang. Trong da giac A A,..A, cac diém A,A4,,..,4, 1a cac dinh, cic doan thang
AA,; A4 .. A A5 A A 14 cac canh.

Pa giac 16i 1a da giac lun ndm vé mét phia cta duong thang chira bt ki canh nao cua da giéc.
b. Pa giac déu

Pa giac deu la da gidc 161 c6 cac canh bang nhau va cac goc bang nhau.

Tam gide déu Hinh vudng Ngi gidc déu Lue gidc déu Bat gidc déu
Chu y:

e Pa giac déu co n canh goi 13 n - giac déu.

e Khi n 1an bang 3,4,5,6,... ta co tam giac déu, ttr giac déu, ngii giac déu, luc giac déu, ...

e Tir nay vé sau, khi noi vé da gidc ma néu khong giai thich gi thém, thi hiéu d6 1a da giac 16i.

e Nguoi ta chimg minh duoc rang cac dinh ciia mdi da giac déu ludn cing ndm trén mot dudng tron,
duoc goi 1a dudng tron ngoai tiép da giac, tim duong tron dwoc goi 1a tim da gidc déu va da giac déu
duogc goi 14 ndi tiép duong tron.

2. Phép quay
Cho diém O c¢6 dinh va sb thue a°.

Phép quay thuan chiéu o’ (0" <a’< 360") tam O giit nguyén diém O, bién diém 4 (khac diém
O) thanh diém B thugc dudng tron (0;04) sao cho tia O4 quay thuan chiéu kim dong hd dén tia OB

thi diém A tao nén cung AB c6 s6 do @’ . Pinh nghia twong tu cho phép quay ngugc chiéu ° tam O.

Phép quay 0° va phép quay 360° giit nguyén moi diém.
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS
Ch y:

e Ta coi mdi phép quay tim O bién O thanh chinh né.

e Néu mot phép quay bién cac diém M trén hinh A thanh cac diém M ' thi cac diém M ' tao thanh
hinh H'. Khi 0, ta néi phép quay bién hinh A thanh hinh H'. Néu hinh H' trung v6i hinh H thi ta
no6i phép quay bién hinh A thanh chinh no.

e Nguoi ta chimg minh duoc rang chi co cac phép quay sau ddy gitt nguyén hinh da giac déu
AA4,..A,(n=3,neN) véi tam O: cac phép quay thuan chiéu o’ tdm O va cc phép quay nguoc chiéu
a’tim O, véi a°1an luot nhan céac gia tri:

o 300 o 23607 n360° L
n n n
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
DANG 1

DA GIAC DEU

Da gidc déu c6 n canh bang nhau va cling c6 n goc bang nhau nén c6 cong thire tinh s6 do moi goc

(n —2).180°

n

la:

Bai 1.  Trong cac hinh phang sau, hinh nio 14 hinh phang c6 dang da giac déu?

a} b) ¢} aj e

Bai2.  Trong cac hinh phing sau, hinh nao 13 hinh phing c6 dang da giac déu?

' 0

Hinh 8 Hinh b Hinh Hink o

Bai3. Trong cac hinh phing sau, hinh nao 13 hinh phing c6 dang da giac déu?

a) b) c) d) €)

Bai4. Nguoi ta muén lam mot khay dung banh keo hinh luc gidc déu cé canh 10 cm va chia thanh 7

g)

ngan gom mot luc gidc déu nhod va 6 hinh thang can nhu hinh v&. Hoi luc gidc déu nhé phai c6 canh bing

bao nhiéu dé no6 co6 dién tich bang hai lan dién tich cia moi hinh thang.

Bai5. Tinh s6 do ctia mdi goc cuia ngil giac déu, luc giac déu, bat gidc déu ( da gidc déu 8 canh).

Loi gidi
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

. s (5—2).180"

Mbi gbc clia ngil giac déu bang: 6-2).180° 108"
x A g —2).180"

Mbi gbc ctia ngil luc déu bang: (6-2).180° 120"
. s (8—2).180"

Mbi gbc clia bat giac déu bang: (8-2).180 _ 135"

Bai 6.  Tinh s canh ciia mot da gidc déu, biét mdi goc ciia nd bang 135°.
Loi giai

Goi n la so canh cua da giac déu.

. (n-2).180°
Tacd) ~——=135°
n
. n—=2 135 3
nén ===

n 180 4

Do d6 4(n-2)=3n.

Vay n=8.
Bai 7. Cho tam giac déu ABC, cac duong cao AD, BE, CF catnhautai H.Goi I, K, M theo thu
tu 1a trung diém cua HA, HB, HC . Chimg minh rang DKFIEM 1a luc giac déu.

Loi gidi

4

B D C

Xét AHDC vudng tai D, DM 1a dudng trung tuyén ing v6i canh huyén nén DM = HM . Ta lai ¢6
C, =30° nén H, =60°. Do d6 AHDM la tam gidc déu.
Tuong tu cac tam gidc HME, HEI, HIF , HFK, HKD 1a céac tam giac déu.
Luc giac DKFIEM c¢b cac canh bang nhau va cac goc bang nhau (bang 120°) nén 1a luc gidc déu.
Bai 8.
a) Tinh sb dudng chéo cua da giac n canh.
b) Pa giac nao c6 s6 dudng chéo bang sé canh?

Loi giai
a) Tr mdi dinh cta hinh n — giac 16i. ké duoc n—1 doan théng dén cac dinh con lai, trong d6 c6 hai doan

thang 1a canh cua da giac, n —3 doan thang la duong chéo.
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS

Pa giac c6 n dinh nén ké dugc n(n—3) duong chéo, trong do mdi duong chéo tinh 2 1an. Vay sé duong
, , . . xeqa (” - 3)
chéo cua hinh »n - giac 161 1a ———=.

o n(n—3)
b) Giai phuong trinh — =n.Tadugc n=>5

Bai9.  Cho lyc giac déu ABCDEF . Goi M la trung diém cia EF, N 1a trung diém cua BD . Chung
minh ring AMN 14 tam giac déu.

Loi giai
A B
\i"
F 5 : c
M
E D

Goi O 1a giao diém ciia AD, BE, CF . D& dang ching minh N 12 trung diém cta OC,
AAFM = AAON (c.g.c).

Trdo AM = AN va MAN = 60° nén AAMN la tam giac déu.
Bai 10. Cho luc giac d&u ABCDEF . Trén canh AB, BC, CD, DE, EF, FA lay cac diém A’, B,
C', D', E', F' sao cho AA’=BB'=CC'=DD' = EE' = FF'. Chimg minh ring A'B'C'D'E'F' 1a mét luc
giac déu.

Loi giai
Hwéng din: Ching minh ring cac tam giac AA'F, BB'A’, CC'B', DD'C', EE'D’, FF'E bang nhau.
Bai 11. Mot luc giac déu va mot ngii giac déu chung canh AD (nhu hinh v&). Tinh cic goc cua tam giac
ABC.

Loi giai
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS

A

B C

Theo cong thirc tinh goc cua da giac déu, ta co:
—  (6-2).180" —
ADB =-—/— =120 = DAB = DBA = 30",

(5 - 2)1800

ADC — — 108" = DAC = DCA = 36":

Suy ra BDC =360° —120° —108° =132° .

—  —— 180" —132°

Ta ¢c6 ABDC (DB — Dc) can tai D. Do d6 DBC = DCB =

—

=924° .

Suy ra BAC = 30° + 36" = 66°; ABC = 30° +24° — 54°; BCA = 24° + 36" — 60"
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
DANG 2

PHEP QUAY

Bail. Cho tam giac déu 4BC tdm O.

a) Phép quay thuan chiéu tim O bién diém A thanh diém C thi cac diém B,C twong mg bién thanh cic
diém nao?

b) Phép quay nguoc chiéu tim O bién diém A thanh diém B thi cac diém B,C tuong tng bién thanh
cac diém nao?

¢) Chi ra cac phép quay tim O giit nguyén hinh tam giac déu ABC .

Bai 2. Cho hinh vuéng ABCD tam O.

[,

b (
a) Phép quay thuan chidu tim O bién diém A thanh diém C thi cac diém B,C,D twong ung bién thanh
cac diém nao?
b) Phép quay nguoc chiéu tim O bién diém A4 thanh diém B thi cac diém B,C, D twong tmg bién thanh
cac diém nao?
c¢) Chi ra cic phép quay tam O gilt nguyén hinh vudéng ABCD.
Bai3.  Cho hinh ngii gisc déu ABCDE tam O.

a) Phép quay thuan chiéu tim O bién diém 4 thanh diém E thi cac diém B,C,D,E twong tng bién
thanh céc diém nao?
b) Phép quay nguoc chiéu tim O bién diém 4 thanh diém C thi cic diém B,C,D,E tuong tng bién
thanh cac diém nao?

¢) Chi ra cac phép quay tim O giit nguyén hinh ngii gidc déu ABCDE .
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Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS
Bai4.  Cho hinh luc giac déu 4 4,4,4,4, 4, tim O.

A As

A A

a) Phép quay thuan chiéu tim O bién diém 4, thanh diém 4, thi cac diém 4,,4;,4,, 4, A, tuong Gng
bién thanh cac diém nao?

b) Phép quay nguoc chiéu tim O bién diém 4, thanh diém A, thi cic diém 4,,4;,4,, 4, 4, tuong tmg
bién thanh cac diém nao?

¢) Chi ra cac phép quay tim O giit nguyén hinh luc gidc déu AA,AAAA.

Bai5.  Cho hinh bét giac déu ABCDEGHK tam O.

a) Phép quay thuin chiéu tim O bién diém A thanh diém E thi cac diém B,C,D,E,G,H,K tuong rng
bién thanh céc diém nao?

b) Phép quay nguoc chiéu tim O bién diém C thanh diém K thi cac diém A4,B,D,E,.G,H,K tuong
{mg bién thanh cac diém nao?

¢) Chi ra cac phép quay tim O giit nguyén hinh luc giac déu ABCDEGHK .

Bai 6.  Cho hai da giac déu ABCDEGH nhu hinh v& sau:

G C (i C

() b)

Hinh 1
a) O hinh 1a), ta thyc hién phép quay nguoc chiéu giit nguyén hinh da gidc déu ABCDEGH va bién cic
diém 4,B,C,D,E,G,H lan luot thanh diém H, A, B,C,D,E,G . Phép quay d6 1a phép quay nao?
b) O hinh 1b), ta thuc hién phép quay thuan chiéu giit nguyén hinh da gidc déu ABCDEGH va bién céc
diém 4,B,C,D,E,G,H lan lugt thanh diém B,C,D,E,G,H, A. Phép quay d6 1a phép quay nao?
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Hinh hoc 9 - Chwong 9: Pwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidi KNTTVCS
Bai7. Cho hai da gidc déu ABCDEGHK nhu hinh vé€ sau:

- A—B

i) b
Hinh 2

a) O hinh 2a), ta thyc hién phép quay nguoc chiéu gitt nguyén hinh da gidc déu ABCDEGHK va bién cac
diém 4,B,C,D,E,G,H,K lan luot thanh diém B,C,D,E,G,H,K, A . Phép quay d6 1a phép quay nao?
b) O hinh 2b), ta thyc hién phép quay thuan chiéu giit nguyén hinh da giac déu 4ABCDEGHK va bién cac
diém 4,B,C,D,E,G,H,K lan luot thanh diém K, 4,B,C,D,E,G,H . Phép quay d6 1a phép quay nao?
Bai8. Cho 18 hinh tam giac déu bang nhau va duoc xép véi nhau thanh hinh chong chéng nhu hinh

Ve.

a) Hay danh dau 6 diém mut cta hinh chong chéng sao cho 6 diém mut d6 1a cac dinh ctia mot hinh luc
gidc déu tam O.

b) Chi ra cac phép quay tam O gilt nguyén hinh chong chong.

Bai9. Mainha trong hinh v& duéi day duoc d& bai khung hinh da giac déu.

a) Goi tén da gidc do.

b) Chi ra cac phép quay bién da giac d6 thanh chinh no.

Trang 9



Hinh hoc 9 - Chwong 9: Puwong tron ngogi tiép va dwong tron nji tiép — Tuw ludn cé 10i gidgi KNTTVCS
Bai 10. Cho vong quay mat trdi gdm tam cabin nhu hinh vé.

Fﬁ.-“! iri can nhat

TR

L

o

it = nh2F
VI Tri thap nhat

KT,

i=

"
-

a) Hoi dé cabin di chuyén dén vi tri thip nhét thi vong quay phai quay nguoc chiéu kim déng hdé quanh
tam bao nhiéu do?
a) Hoi dé cabin di chuyén dén vi tri cao nhat thi vong quay phai quay thuan chiéu kim déng ho quanh tim

bao nhiéu do?
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